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ADVERTISEMENT. 



The present volume on the Integra] Calculus is presented 
to the public, which, with the volume already published on 
the Difierential Calculus, contain all that may be desired in 
an elementary course on the subjects of which they treat. 
It may be thought by some, that the course exhibited in these 
volumes is too extensive to be pursued in Colleges and 
Univewities ; They ought however to consider, that the de- 
mand for an extension of science should always accompany an 
extension of the public improvements which are prosecuted 
with such vigour now in this country ; and that therefore, 
the interests of the community demand such a course of in- 
struction as may enable a portion of it to become skilful and 
efficient in directing such works. 

The works of Mr. Young will be found well calculated for 
this purpose. 

Jfea-York, JVfotf "rih, 1633. 
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The work here submitted to the notice of the public forms the third 
volume of a course iotended to furnish to the mathematical student a 
pretty comprehensive view of the principles of modem analytical 
science. To complete this deaign will require a fourth volume, in 
some measure supplementary to the three now completed, and to 
contain the subject of Finite DilTercnccs, a fuller inquiry into the 
theory of Partial Differential Equations, and a chapter on Definite 
Integrals. This final volume I hope hereafter to be able to prepare, 
although I do not propose to enter immediately upon the undertaking. 

With respect to this third volume, I ought to observe that, in com- 
mon with all modern elementary writers, I have availed myself pretty 
freely of the writings of ihe French mathematicians. In stating this, 
1 am aware that I am not otferiog any apology for my book ; but am, 
on the contrary, selling forth its principal claim to the notice of the 
English student; for the superiority of the French in every depart- 
ment of abstract science, is now pretty generally acknowledged in 
this country. Notwithstanding this admission, however, I have long 
been persuaded that many of the French processes, now universally 
adopted in English Books, are very dcRcient in mathematical rigour* 
and in not a few cases fail altogether to establish the conclusions 
aimed at. In consequence of this conviction, I have therefore been 
led, in preparing these volumes, cautiously to examine whatever I 
have ^propriated from the sources referred to, and the result has 
been, that objections of the gravest kind have been found to attach to 
some of the most celebrated French theories. In science, aa in 
morals, the propagation of error is of more dangerous tendency than 
the suppression of truth J and if, in the course of these volumes, it 
be found that I have succeeded in removing any inaccuracies that 
may hitherto have vitiated the purity of mathematical reasoning, it 
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may perhaps abme, ia some measure, for the abseoce of that kind of 
originality which requires powers of altogether a higher order. 

The present treatise 1 have divided into three sections : the first 
being devoted to the Integration of Diiferenlials of One Variable ; 
the second to the subjects of Rectification, Quadrature, and Cuba- 
ture; and the third to an Elementary View of the Theory of Difier- 
ential EquatiiHis, more particularly those of the First and Second 
Order. 

The first section will be found to be tolerably extensive. I have 
endeavoured to arrange the several topics it embmces, eo as to fiiciU- 
tate the progress of the student, and with the same view I have, ia 
some cases, presented the general formulas ofintegration in a tabu- 
lar, and I think somewhat improved, form. The sixth chapter of this 
section, which treats on the Methods of Integrating by Series, and 
on Successive Integration, will I believe, be found to contain one or 
two facilitating processes worth the student's attention; also in the 
following, or seventh chapter, the article on the Summation of Series 
will, it is hoped, be acceptable to the young analyst. This is a de- 
partment of pure mathematics of considerable importance, as well as 
difficulty, and one to which the Integral Calculus is peculiarly appli- 
cable, although, in general, but a very inadequate space is allotted to 
it in books on this subject. In the course of this chapter occasion is 
taken to introduce Watlia'a remarkable expression for the quadrant of 
a circle ; this expression is very generally known among mathemati- 
cians, and in foreign books is always given correctly. In all the re- 
cent English works, however, which I have seen, and in which this 
expression occurs, it is transformed into an absolute absurdity : for 
in some of these books Wallb is made to say, and the student gravely 
informed, that the circumference of a circle whose radius is unity is 
accurately nothing ; and in others the espreasion tells us that the cir- 
cumference of the same cirele ia infinite .' 

The second section may be considered as the geometrical applica- 
tion of the first, and will be found to contain a very copious collection 
of problems on Rectification, Quadrature, andCubature; most of 
these problems have been selected from different mathematical peri- 
odicals, hut of the greater part of these the solutions have been mo- 
^fied and improved, and ctvrected where erroneous. 

It may be objected that I have not introduced into fiiis section the 
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usual ancieat curves, as the Quadratru, the Conchoid, the Cissoid, 
&c., the truth is that 1 think too much attention is bestowed on these 
curves at the preaeat day, as they have long been dispossessed of that 
interest and imparlance that Bltached to them at the time of Uieir in- 
vention ; and, moreover, in the present improved and extended state 
of mathematical science, an ordinary student will find it a matter suf- 
ficientlydifficult to preserve in his memory the many particulars which 
it is of importance should be remembered, without being burthened, 
ID addition, with the names and fonns of the various curves devised 
by the early geometers in their fruitless attempts to square the circle, 
to trisect an angle, and to double a cube. On these accounts I have 
not hesitated to exclude them from this treatise, and to introduce olh* 
ers, ofiering, by their equations, more interesting analytical particulars. 
The tiiird section contains the elements of a theory of almost 
boundless extent, the theory of Differential Equations. As far as equa* 
lions of two variables and of the first order are concerned, and beyond 
which the powers of the calculus are at present but very limited, the 
information conveyed in this section will, it ia thought, be found to he 
sufficiently copious. I have endeavoured to render this part of the 
subject clear and intelligible, and have, in some cases, preferred ap- 
pearing lengthy where brevity might involve any obscurity, as in the 
article on RiccalPa eqtialion, for instance. In the latter part of this 
section I have compressed into small compass several topics of a 
nature too difficult and too extensive to be completely discussed in a 
work of this kind ; but I have taken care to direct the inquiring stu* 
dent to the sources where more satisfactory information may be olv 
Uined : I hope, also, to touch again upon these matters at a more 
convenient opportunity; in the mean time, I trust that the three 
volumes now finished may contribute something towards improvuig 
the taste and exciting the inquiries of the young analyst. 

J. R. YOUNG. 
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INTEGRAL CALCULUS. 



SECTION I. 

ON THE 

INTEGRATION OF DIFFERENTIAL EXPRESSIONS 
OF A SINGLE VARIABLE. 



Article (1.) The Integral Calculug is the reverse of the Differen- 
tial Calculus, its object being to determine the primitive function 
from nUch any proposed differential is derived. We Bhall at ones 
proceed to the exposition of the principles of this very important 
department of Analysis.* 



OBAPTBB Z. 

FUNDAMENTAL PRINCIPLES OF INTEGRATION. 

(2.) The process by which we return from the derived fimction to 
the primitive is called integration ; it is indicated by the symbol / 
l^aced before the differential or derived function, and the result of the 
procesB, that is, the primitive fimction, is called the integral of die 
proposed differential. 



■ The DiiTeTeDtiiil Calrin[i 
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■£ THE INTEOSAL 

(3.) There are several obvious particulars respecting the fiinda- 
mental principles of iotegration, which immediately present themselves 
\^ to the mind, from considering the direct process, or that of differen- 
tiation. These we shall briefly enumerate : 

1. Since daFx is the same as adFx, viz, aVxdx, therefore, in the 
reverse operation, /aF'j^Ar is the same as afF'xdx, so that any con- 
slant factor or divisor may be taken from under the sign of integra- 
tion, and placed without it. We may moreover introduce any con- 
stant factor under the sign/, provided we place its reciprocal without 
the sign, 

2. Since the differential of the sum of any number of functioni is 
the same as ike sum of their several differentials, it follows that, when 
we have to integrate the sum of any number of dMerentials, the same 
iotegral ivili be expressed, whether the sign /is prefiaed.to the whole 
sum, or to each individual differentia, that is,/( Adc + Bdx + &c.) 
is the same as /Ada; +fBdx + &c, 

3. Since, in differentiating any function, the constant connected 
with it by addition or subtraction disappears from the result, it foUowB 
that, in integrating such result, the constant should be introduced. 
But as (he form of the differential remains the same, whatever may 
have been the constant in the primitive, we cannot infer from that 
formjhe particular value of the constant that has disappeared, so tlwt 
all we can do is, to anne?i to the integral found a symbol C, standing 
for a constant, its value being indeterminate. The integral thus 
completed has the most general form possible, since it comprehends 
every function (hat can by differentiation produce the proposed dif- 
ferentia]. Thus the complete integral of the differential (iFxis Fa;-)-C. 
If we know in any particular inquiry what value the integral ought to 
have for any one particular value of the variable, the constant belong- 

/■■ ing t^o^at CE^ becomes readily determinable. Thus, if we know 

'^- that for j; — o the value of the integral Fj: 4- C ought (o be A, then 

we have Fo + C = A, therefore the value of the constant is in that 

f^"" <;yafi*^ ~ A — Fa, 30 that the definite integral, as it is then called, 

^- is Fx + A — Fa. 

We shall now proceed to integrate a few fundamental expressions. 

Integration of the form [Fx)"dFx. 
(4,) This differential obviously corresponds to the differential of 
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THE IMTEORAL CALCVLCS. 3 

tF*)"*' + C, with the exception ihat it ia not multiplied by b+ '• 
If, therefore, we multiply it by thisfkctor, and then place the recipro- 
cal of it outaide the sigiiyTthe expression under the sign will be thus 
rendered integrable, 

therefore j^ /(n + 1) (F^)"dFi = '|^' + C. 

Henc«, to integrate any differential of the proposed form, that is, 
irtiere the expression withouU he pare nth esis ia the differential of that 
within, the rule is to increase the 'power of tne function leilhin tkepa- 
■rtntkeni by imiVu, divide litis increased power by ila exponent, and 
flnnei f^e arbitrary constant. We shall subjoin a few exa'mples of 
«zpresaiona coming under this form , or which maybe easily reduced 
toil. 

EXAMPLES. 

■(5.) 1. To integrate ai^dx. 

f^d^ = ^ + C. 

I 2. To integrate -/"o+^xdior (a + r')hxAx. 
>J H«re the expression without the parenthesis is not the complete 
^ifierential of that withhi, requiring to be multiplied by 2 ; hence, in- 
troducing this factor, and placing its reciprocal outside, we have 



Here it is easy to perceive that the expression without the paren- 
lesis requires to be multiplied by — ; hence 






fib + cx")"'Bca:"-' dx = ^ (6 + CJ^)"^-' + C. 

4. To integrate 

we have. — -/(b — ex)-". — edx = ^ — ~v\ ^ ^* 

B. To integrate ^ ' 

dy = {ax + bT' + cr')"(n + 26^ + Sea") dx. 
This being of the proposed form the integral is 
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THE INTEGRAL CALCDLDB. 



^ {ax + bx' + ex')'* ' 



6. Tg integrate 

dy = {2m — jr')*(a — x) dx 



y = U(2<w- ^)^ (2* -2x)dx= ^^'^ ^ '^^ + C. 

In the examples already given it has been an easy matter to dis- 
cover the &ctor necessary to render the expression without the pa- 
rentheses the diiferential of that within ; but there is a general method 
of ascertaining whether a proposed differential belongs to the case we 
are considering which ought to be noticed. Thus, taking the last 
,_.^ example, assume 

y = A (2aT — ^)i + C. 
then, difierentiatiug each member, 

dy = (2ax— i»)*(a — x) ttr = J A (2ax — r^^(2a — 2x) dr^ 
ctmsequently, if the differential is of the proposed form, we mnat 
have the conditions 

a = 7Ao, 1 = 7A, 
'" ' - both of which agree in giving the same value to A, viz. A = f ; 
hence the integral is 

y = ^{2ax~z')i + C, 
OB before determined. 
If the example had been 

dy = (2m — a»)^(5o — x) dx, 
then, as before, assuming 

y = A (2ar — a*)^, 
and differentiating each member, we have 

(2<w — x')i (5a — xj = f A (2<w — r')^(2a — 2x), 
.-. 5 = 6A, 1 = 5A, 
two conditionB which are contradictory ; hence we infer that the dif- 
il does not belong to the proposed form. 
7. To integrate 

dy = adx 3- + x^dx 

ii malt ii (oimd ij diTidiig balfc mtmbcn of Uw iMt egnatioi i by tbi ndiul ind it. 
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THE IHTBOKAL CAJbGULUS. 

8. To integrate 

dy = (o + 6a;)° ix, 
y =f{a + bxydx=/(f^dx + 2ahxd3! + If'j^dx) 

9. To integrate 

2adx 



x V2ax — ar" 
This is the same as 

which is of the required form with the exception of its sign, 
10. To integrate 



(2oar — a:")^ 
This IB the same as 

(2a — a;)~*a:"* dx = (2«a?-' — 1)"^ a-' dr, 
iriiidi win be of the required form, when the expression without the 
a is multiplied by — 2o ; hence 






11. To integrate 

adx ~adx __ a 

12. To integrate 

dy = (a + 6x + car')^(6da: + 2«d*), 

Ui !«•■») ik* ukiDuy «HUi» G i> tha ibb dT ill Oh (ibiuity snaMi 
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^ 6 Stsjn. To inlegnite 

dj = (o + bx')i mxdx. 

( L%0') "■ ToiDtegrato 

* (^ = 6^4^ + a.iPttr, 

■•■!/= i C4x' + 3)* + C. 
/^T'*'^ 15. Tointegrate 

/ 1( S / ) 16- '^o integrate 

( -* "^ , I'dr 

aV= — 

Vo* + 6^ 



^^ r .J 17. To integrate 



1 — ar 

•■•!' = - (-2- + -r + ^+^+-r + ^'- 

(6.) There is oae case belonging to the above form.whichnever' 
theless does not correspond to the differential of any power, and to 
which) therefore, the foregoing rule does not apply- The case ia 
that in which n (the exponent of the function X) becomes — 1, tha 

form being ^i^^, which evidently agrees with the form for the differ- 
ential of log. X, hence 

/f = log. X + C = log. oX.t 

c being the number whose logarithm is C. The following examples 
belong to this case. 

19. To integrate 

Z£Ax_ 
r" + a"' 
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The Dumeratoi being the differential of the denomioator, we have 

30. To integrate 

adx 

To render the numerator equal to the difTerential of the denomina- 
tor, we must multiply it by -, 

a p bdx a . , , , , 

■•5/31^ = 5 '''e-^^'' + ^^^- 

21. To integrate , 







»• + rf-"' 




a 




(S- + CI-+') 


C+i) 


22. 


To mtegrate 


31" + 7" 








= Ai„g.,(3a^ + 7) 




23. 










m-. 


= ilog.c(i' + J). 




24. 


Tointegnite 








* = 








.•., = ^!^ 


-3o»+ 30-W..+ 


^(+0. 



(7.) InUgratitmofiheFormi 
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IF we put -TT- = r, the three first of these fomu will bs the nnw 

u 

iriiere the expressions under the sign c^ integration ore identiul wMb 
those &t article (16) in the Differential Calcuitta. 

As to the fourth form, if we put -^ == 2r it will be the same as 

26 /* rdx 

the expression under the sign of integration being identical to the 
remaining ezpteBsion in the article just referred to> Hence the ia- 
tegrals of all the proposed forms are given hy the circular arcs ex- 
hibited in that article, so that 







2 — versin."' j: + C 



^ coversin."'' x + C, 



where it must be observed that in all Uiese expressions, except tbr 
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and in the last two it ie -^^ ^^A^ 

= 1> and the first six intsgrale are. 




1, and the last two are 



die radiua of these arcs being all unity. 

(9. ) The more general espressioos in art (7) may also be so mo- 
dified as to involve only the common tabular trigonomelrical quanti- 
tieSf or those to radiua 1. For, if any tngonometrical line belong- 
ing to an arc of radius r, be divided by r, the quotient will be the 
trigonometrical line belonging to a similar arc of radius 1, we have, 
therefore, merely to multiply this arc by r, to arrive at the arc of ra- 
dius r originally proposed. Hence, if, in the expressions art. (7), 
we divide x by the radius to which it belongs and multiply the cor- 
responding arc by that radius, the values of those expressions will 
remain unaltered, and will be calculable, for particular values of z, by 
means of the common trigonometrical tables. The expressions thus 
modiiied are 



/; 



V <i> — 6V 
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/dx 1 , 6 , „ 

-^-y-TO- = -r tan. - ' - « + C 

/A-c i , 6 . „ 

r ^ 1 -1* , n 

f—^f— 1 -1* If. 

— / , = - coaec. ' - X + C 

/ • • dx I . 2t' , p 

, .— ,„- = -rversin. — — a; + C 

/ • dx I - _. 26" , „ 

"' la ,-; . = r coversm. ' r -j- a; + C. 

(10.) These circular forma will repeatedly occur heroailer, and 
the student should endeavour to carry them in his 'mind. It la obvi- 
ous that these same forms hold, if instead of x there be substituted ' 
any function of it X, as we shall now illustrate by a few examples. 

EXAHFLEB. 

1. To integrate 



If) IB this expresflion, X be put for a^, we have xdx — jdX, there- 
fore 





♦y 


^/ — 


-jx- " 


2bi 


a* 


x + c 








1 - 

aii"" 


^■f- 




2. 


To iotegrale 


xT 


-'it 








^ a 


— 6x* 




Uttl 


■W 


= X,«r 


e have ar" 


•di = 


dX, 
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1 Z ' dX J 5^ 

3. To integrate 

Putting J = X, we have x^dx = f dX, 

V « + 6X" 3 ^ a6 a 

4. To integrate 

At 

Multiplying numerator and denombator by x ' this ezpreeaion 



and, putting x^ = X, wc have i^* 'dr — ? rfX, 






[ V 6X" — o 
6. To integralQ 



■ — T'ec-^V;!-. 



Dividing numerator and denominalor by x', ttie expression bo- 



And, putting *' = — X, we liave x"^rfx = — 2dX, 
6. To integrate 
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^ J Bio.-' N^ 2a?. 
6. Tomtegrate 



/? 



1 + 1* « 

(11.) Wo have now, by inTertiiig a few of the fundamcDtal pro- 
cesBeB of the differential calculus, shown how to integrate the most 
simple forms of those differeniial expressions which lead to algebrai- 
cal, logarithmic, and circular functions. It remains to consider those 
which depend upon exponential, and trigonometrical functione ; still, 
however, confining ourselves to the most simple forois of those ex- 
pressions that can possibly occur ; we shall (hus have all the ele- 
mentary forms of which the most comphcatcd integral can be com- 
posed. The exponential and trigonometrical forms are as follow : 



Since <fa' = 


! logji.a' di therefore /(!• (ii = 


Kf:+<^ 


de = 


frfi .... 


. ft'dx = 


c + c 


diin.z = 


cot.i dx . . . 


. /c™.irfi 


dcolj:^ 


:~tia.xdx. . 


. /«B.xdx 


= _.=...+ C 


dtB.ax = 


dx 
CQS.'a 


f^.' 


:!.... + C 


dcot^ = 


di 


•/;&= 


,01.. + C 


rfiecj = 


t>D.x*ec.x<fi. 


. /l.....«ito = K...+C 



4 cotecz != — eot.i coieci dz fcot.x c.atec^dx = — cojec. r + C 
Having thus collected together in the present chapter all the elemen- 
tary forms, our principal object throughout the following section will 
now be to decompose into these forms every diiferential whose 
integral we wish to determine. 
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OBAPTBR IX. 

ON THE INTEGRATION OF RATIONAL FRACTIONS. 

(12.) By the aid of the elementary integrals, detennined in last 
chapter, we may integrate eveiy differential contained in the general 
form 

Px-^-i + Qx"^ + Rx + S j_ 

Fx- + Q':c-i + R' *^' 

provided we can by any means decompose the deDomioatorof the 
fractional coefficient into its simple or quadratic factors. 

In the form here exhibited we see the highest exponent of x in the 
numerator is less than the highest exponent of x in the denominati^ 
by at least one unit, but if any rational fraction be proposed having 
the highest exponent of x in the numerator greater than the hi^est 
exponent in the denominator, then, by actually performing the division 
indicated, we shall obtain a quotient of the form px'dx, and a remain- 
der, in which the highest exponent of x is less than the highest expo- 
nent in the divisor ; the fraction, therefore, ftnrmed by this remainder 
and divisor will be of the above form, and this traction annexed to the 
quotient must be equal to the proposed ; we shall have, therefore, to 
integrate these two parts, and as the tirst belongs to the form (4) there 
will remain to be integrated the form above, so that the integration 
of this formcomprehends the integration of eveiy formof the rational 
fraction. 

(13.) To show in the simplest manner how this integration is to 
foe efiected we shall apply the process to particular examples, choosing 
at first those fractions of which the factors of the denominator are all 



1. Let it be required to integrate 

The factors of the denominator are here x — a and x + a, and 
)ur object is now to find what two partial fractions and 
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B aatiefy the condition 

^^^_ + ^. 

aJ—ff' X ~ a x + a 

By reducing the two partial fractions to a common denominalor, and 
actually adding the numerators, this condition reduces to 

o = (A + B) a; + (A — B) o, 
and as this must exist, whatever be the value of z, we havet by the 
me^od of indeterminate coefficients, 

A + B = 0, o = (A — B) a .-. 1 = A — B, 
which equations give 

A = ^, B = — i ; 
hence the partial fractions are determined, and we have 

that is (6), 

f^sr * '"e- C' - «) - 1 1°8- (' + ") + c 

= log- (f^)* + C- 
2. Let it be required to integrate 
n" + fcr" J 

r- dx. 



a'x — aP 

In this example die factors of the denominator are x, a — x, and 
a -{- :r, and in ohler to decompose the fiactiona] coefHcient into par- 
tial fractJMis, we must bo determine A, B, and C, that we may have 
the condition 

<^ + bjr' _A B C 

a'x—' 3? X a — X a -{• X 
which, aa in last example, reduces to the condition 

a^ + hx' = Aa? — Aar" + Box + Ba^ + Cox— CA 
therefore, equating the coefficients of the like powers of x, we have 
the equations 

B—A — C = b,Ba+Ca = 0,Aa' = a?. 
The last of these immediately gives A = a, which reduces the first 
toB — C = o+ 6; also, since the second is the same as B + C 
= 0, we get for B and C the values 
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the partial fractions being thus determined, we have 

/<^ + 6x" _ /.di a + b^ dx a + b/' dx^ 

+ 6 . 



3. Let it be required to integrate 
3x — 6 , 
^-6x + 8 '^- 
To detennine the &ctors of the denominator we must find die roote 
of the equation 

r" _ 6^ + 8 — 0, 
Vhichaie x =^2 aiid:c:=4; hence the factors are x — 2andx^4: 
Aerefore, as before, assuming 

3j; — 6 A , B 



i3_63^ + 8 x — 2 r — 4' 
we have the condition 

3a: _ 5 = Aa; — 4A + B* — 2B, 
therefore, comparing the Uke powers of i, we have the equations 
3 = A + B, 5 = 4A + 2B, 
...A= — i,B = i, 
amaeqaeatly 

/ ■ 3x — 5 _ f dx p dx 

_____ Ax-~ VTITT "*" " JT^TT 

= I log. (a: - 4) — 1 log. (:t - 2) + C. 
4. Let it be required to integrate 

Decomposing the denominator, as in the last example, we find for 
the fectors ^ 

I + 2o + n/4£f'+ 6" and a: + 2a — V4o" + 6^ 
or, more briefly, 

i + Kandx + L; 



i» + 4ai— i" 
we have the condition 
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a:^Aj! + AL + B + BK, 
which furnishes the equations 

A+B^1,AL + BK=0, 
from which we find for A and B the values 

/x J K p dx h !• dx 

6. To integrate 

dx 

3» — 6x+ 6 

f- — ° ^ ^ (fa = d log. ^rr_|+c. 

6. To integrate 

2* + 3 ^_ 



x* + ar- — 2t 
f^T^Tli ^^^ = i log. (X - 1) - i log. (* + 2) - J log. .. 
7. To integrate 

2 — 4i . 
_ _ dx 



From these examples it qipears that when the denominator of (he 
rational fraction can be decomposed into simple and unequal &ctore, 
the integral of the expression will always be determinable, and will 
always be of a logariikmic form, because the several, component 
partial differentials will be fractions whose numerators are the differ* 
entials of the denoif^ators, whether these be rational or imaginary. 

(14.) When the factors of the denominator are not only simple 
end rational, but some of them equal, the process just employed 
must be modified a little. Thus, suppose we had to decompose the 
fraction 

a+ bx+ cj^ 
ix-kf 
where the factors of the denomUiator arc all equal. 
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The partial fractions cannot here be of the form 

A B C; 

for, as these are all of the same denominator, theii' sum is of the 



and the condition for determining the numerators 
a + 6* + cr" = A' (i — k)', 
which is not only insuf!icieQtisi:J|^t.pgT2D3e)but it also fixes a relation 
betwe^ j: and a, 6, e. 

If, however, we make, in the proposed expresssion, this substitu- 
tion, viz. 

a- — k^x.: x^z-i-k 
it will lake the form 

a + bk + cle' -T- bt -i - 2 ckx + ca* 

of which the component fractions are obviously 
a_+bk+clf b + 2c k _€__ 
s> ' i» : z' 

Hence the componeat fractions of the proposed are 
x + bk + cir' b + 2ck . c 
(^ - ky ' {t — kf X— k' 
thatia 

g + 6 J + eg" _ A B C 

(^ _ kf {x— kf "*" [x-ky "*" a: - ft- 

It is easy to perceive, from the process employed in this instance, 
diat a »milar form of decomposition has place in every case where 
the denominator of the ratiosa! fraction consists of only equal rational 
and simple factors. When nnequal factors enter as well, the corres- 
ponding partial fractions will be detennined, as in the case already 
considered ; but the operations will here, as in that case, be best un- 
derstood by means of a few particular examples r 
8. Let it be required to integrate 
2ax 

(X + ay '^- 

Here we have to determine A and B from the condition 
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(i + a}» (i + o)^ » + «' 
which, by actually adding the rmctions in the secood 
equBtiiig the numerators, leads to 

Sew = A + Bz + Ba, 
which gives the eqiutions 

2a = B, A + Ba = 0, 
that is, 

A = — 2a*, B = 2o, 

(I + o)' J (« + a)' J * + 

2a* 
= -r^ + 2o log. (x + a) + C. 



9. Let it be required to integrate 



i" — or" — (r** + o^ ' 
In order to decompose the denorainator, we must find the roots of 
the equation 

*'_(»'— a=x + a^ = 0; 
it ia easy, however, to see that x =^ a is one of these roots ; there- 
fore, depressing the equation by the easy method explained at page 
193 of my Algebra, there results the quadratic bctor x* — t^, which 
gives the simple factors x — a, x + a; hence, assuming 
^ _ A B C 

{x-ay{x+a) {x-a)''^ x~a^x+a' 
reducing the partial fifactions to a common denominator, and equa- 
ting the numerators, we have 

1 = B + C, A — 2Ca = 0, Aa — B<^ -I- Co" = 0. 
If we multiply the first of these conditions by ^, and add the result 
to the third, we shall have 

Aa + SCo^ = a», 
and adding this to the second, multiplied by a, there results 

a' = 2Aa.'. A = J o, 
this, subatltuted in the second condition, gives 

C=i, 
whence the first reduces to 

B = l-i = i, 
therefore 
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(« — o)» (I + a) ~%J {x—af aJx — a iJ ^Tfa 
- + ^ log. (x — a) + i log. (* + a) + C. 



10. Let tl be required to integrate 



Here we must aseuine 

(T-1)*(X+1)- (X-1)"^X- ] 

Bud, by reducing the partial fractions to a common denominator, we 
are led to these equations of condition, viz. 

B + D = 0, 

A + B+ C — D = 0, 

2A — B — 2C — D = 0, 

A — B+ C + D = o. 

The first of these reduces the third to 2 A — 2G = 0, therefore 

A =^ C, the second reduces the fourth to 2A -{- 2C =^ a, thereforoi 

since A = C, A = ia=C, consequently the fourth becomes 

D — B = ^ 0, which, combined with the first, gives 

B = — i«,D = Jai 
hence 

adx _ ~ , dx dx dx dx 

■* V '(»+ I)' "^ (x— 1)' X— l"*"x+l* 

It appears &om these examples that when the denominator of the 
rational fraction has all its simple factors rational and some of them 
equal, the integral ia determinahle, and can consist only of algebraic 
and logarithmic functions. The result is the same if imaginary fac- 
tors Bnter, but we prefer to make this a distinct case. 

Before examining the case in which the denominator of the frac- 
tional coeSicient contains imaginary factors, we shall add a few more 
examples, in the two cases already considered, for the exercise of 
the student 

11. To integrate 

dj:. 



/adx 
(^ - 1)" '' 
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f. 2a . . » + «,, 



12. To integrate 



- i,\og. X + I log. (« — 4) 



J ai' — lx^ + 12* 

— i'log.(a:-3) + C. 

13. To integrate 

z'dx 
^ — z" — x + 1' 

J :^ — :^ — x-\-\ 2 — 2i ^ • ^^ 

+ i log. (x + 1) + C. 

14. To integrate 



(o + !..)■■ 

/xdr a + 26* 

{a +' 6i)' 26» (o + 6:r)»* 

16. To integrate 

a* + 4^ + 4i 
16. To integrate 

/^^T^ + e ''"^ " ^ '"S- ^''- ^' + * '""s- 1"' ~ ^' 

+ A log. (:iT + 3) + C. 
(15.) It remains to consider the case in which imafflOMy fkctors 
enter the denominator. 

The imaginary roots of an equation always occur in paira and are 
of the forms 

x = a + ^y/ — l anda: = «— /3s/— 1, 
BO that the quadratic factor «4uch gives these roots is of the fonn 
r" — 2c« + a" + /3» = (» — a)" + /S", 
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mud, theiefoTe, (he corresponding partial fraction of the form 

M>+ N 

whicb cannot be decomposed into rational partial fractions ; but, if 
there enter into the denominator of the proposed several equal quad- 
ratic fectore of this kind, or, which ja the same thing, if there enten 
as a factor lh« power 

the correaponding partial traction will be of the fonn 

ri—' + ci^- +w 

or, by introducing the indeterminate coefficients A, B, G, Stc. these 
may be so determined as to render this fraction identical to 
A«+B+(C.:+D) i (,:-„)-+^- j +(E»+F) i(«-a)-+|3'i'+&c. 

the last ittctor in the numerator being 

hence (he partial fraction (1) is equal to the mm of the fractions 
A^ + B l_ C^+P , I^ + K ,», 

Knowing, therefore, the form of the component partial fractions, we 
may readily analyze any rational fraction when we can find the simple 
fitctors of its denominator, whether these be rational or imaginary. 

From the form of decomposition just est^bshed when equal quad- 
ratio factors enter the denominator, it is obviously necessary, in order 
to complete the integration of the class of differentials considered in 
this chapter, without using imaginaries, (hat we know how to integrate 
the form 

Ai + B 
U.-af + ^T^' 
which, by putting 2 for x — o, becomes 
As + Ab + B 



a for A« + B, 



(2" + ^r (*■ +jsr' 

The firBt of these forms we know how to integrate, having coamdered 
it in (4), its integral is 
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2tdx 



it remains, therefore, to integrate the rorm 



"^ . (3.) 



Now this integration we cannot immediately .efiecti but it is easy to 

show that the integral could be obtained, provided we oould integrate 

_^! (4), 

because, if we multiply both numerator and denominator of this by 
^+ ^,v/e have 

dz _ ^dz • ffl& 

and if to both members of this equation we add 
f f '? . 1 ^ <fa _ 2(m — IKdg 

the integrals of the results are 

z r ^___ _ f dz 

(2- - 8)/(^^ + ^/(?^ 

f z>dz z , ^ /* d« 

'''Ji^+^r C2m-3)(*"+;S')— "''2m— 3y(*» + ^r ' 

substituting this value in the integral of (5), there results 

r ^ - I + 

y (*^ + J3')"-' (2n. — 3) (z" + ^)-' ^ 

(2m — 2)/3' /■ dg 
2n»— 3 J (,^+^T' 
and consequently 



/o 



ll2 



.{6). 






Hence, as remarked above, the integral of (3) depends on the inte- 
gtal of (4), and, by the same formula, if m — 1 be substitoted for «», 
tlie integral of 

it 



n,g,t,.i.dM, Google 



THE DITEGBAI. CALCVI-m. S3 

will become dependeot oa that of 

(^ + ^)-' 
so that) by first detennining the integral of . , l^ , which we alrea- 
dy know to be (7), - tan.~'- wemay. by thefonnuIa(6), detemune 

/• ds i' dz f dz 

{^ + ey'J{^ + £^r 'J[^ + ^r' 

We shall, ia the next chapter) show how such integrals may be 
otoined, by another and more general process ; wa see here that 
diey always involve a circular function. The following ate examples 
of these integrals. 

(16.) 17, Let it be required to integrate 

The &ctorB of the deaominator being 

X — 1 and z* + X + 1, 
the latter involving imaginary factors c^ the first degree, the form of 
the decomposition is 

xdx Adx , Bi + C , 

= -■ + -5-- 1— - ax ; 

r* — 1 X — 1 a? + I + 1 

and from this equation we are to determine A, B, C ; therefore, re- 

ducing to a common denominator, and equating the like powera otx, 

in the numerators, as in the former examples, we have the conditions, 

A + B = 0,A + C — B^ 1,A~C = 0. 

If we add these three equatiooa together, we get 



The first of these component integrals ia | log. {x — 1) and the se- 
ccmd, being put under the form 

and 2 being substituted for 7 + it it becomes, 
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__ 1 r ids \ f As ^ 

-^'"«-t*' + !) + ;^*--'^' + c^ 

hence, restoring the value of z, and collecting together the three c( 
pooent iDtegnds, we have 

J'-^dx = i iioe.{^ -I) -i log. {x' + , + I) + 
,« . 2^ + i> 



S+c. 



18. To integrate 



dx. 



Here we must assume 

a* + 23? + 3x' + 3 = ■^^ + B , ^+^ , ' E 

(j» + l)= {T' + iy (r' + I)"'*"*" +1' 

from which we get, by actually adding the partial fractitms and equa* 
ting the numerators, 

jr* + 22* + Sa" + 3 = 
Ei- + C:^ + (D +2E) jr" + (A + C) I + B + D + E, 
consequeittly 

E = 1,C = 2 .-. D = 1, A = — 2, B = i; 
hence we have to determine 

_2 /L_f^f_4.2 r "^ + f ^ 

VC;r» + \f^J^ + 1 
The two first of these integrab are. omitting the arbitrary constants. 



2(i" +1)^ a:^ + 1 ' 

also, by th« formula (6), 

J^i' + lf 4(:.>+l)'^4/(i- + 1 



)" 

■FT 
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ThefustrowofverticaltermsontheriglUhaudoftheBigiiaofeqiiali^ / 
ore together equal to the sum of ihe three remaining integrals, there- ^ 
fore adding these to the two already determined, we have 

h2r= + 3ar' + 3 _ 2 + a: ^ 7j: — 8 ^ 



r- 



-■ii = 



(^+1)' 4(^+ 1)' S(i'+1) 

^tan-'i + C. 
19. To integrate 



i' + i" + » + l 

i tan- -" * + C. 
20. Tointegnue 

,.ii + l«. o+t, »— ' t — g 



t + e. 



. -, » + i J 

From irtiat has Dow been d<me it appears that the integnl of any dif- 
ferential whose coefficient is a rationa] fraction can always be deter- 
mined by meana of the elementary aigebrak, hgarithmic, and tan- 
genliat forms, provided we can decompose the denimunator of the 
tractional coefficient into its constituent factors. There are several 
irrational forms which may be rationalized by means of certain trans- 
formations and reducdons, and which may^ therefore, be integrated 
by the aid of the principles already laid down. We shall now consi- 
■Aei the principal of these irrational forms to which general processes 
apply. 

Reduction of Irrational Ftmciions to Rational. 
(15.) The simplest imitional function wliicb can occur is that which 
consists of monomial terms only, and these are very easdy rationali- 
zed ; it \nll be necessaiy merely to reduce the toctioool indices of 
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the TUi^Ifl z to a common denominator m, and then to substitute z* 
forx. 

1. Suppose, for esan^le, the difierential 

x» — x' 
were proposed, then, since the common denominator given bjr the re- 
duction of Ihe fractions ^, ^, is 6, we must substitute i? tat x, which 
BubstitutioQ reduces the differential to the rational form 
!^ — \a^., 68"— 2a!? . 

^ 6^dz ^ — ; dZ. 

p — ^ 1 — r 

Since the highest ezponeut of ^ in the numerator of this expressiMi 
exceeds the highest exponent in the denominator, we must perform 
the actual division, by which we get 



consequently 

— (6 — 2a)s + (2o— 6) log. (a — 1) + C. 
In thb manner it is obvious that we may render rational and then in* 
tegrate every differential included in the general form 

ot"" + fiaf + &c. 



o'a"' + 6i!' + &c. 
2. As a second example, the student may take the differen- 
tia] ' 

.*-2.* 
1-1- ;t* 
the integral of which will be found to be 

/»*— 2r^ 6x' 6a!^ 1.1. 4 4 . 
T-(tF = -=- — 2r — -g- + 3«* -f 2**— ex* _ e** + 

1 +x» 

log. (i* + l) + tan.-'«''. 
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(16.) Ifthe surds which enter the ftuiction,inalefid of being moiKK 

mial, are binomial) and all of the form (a + bx)'", the function may 
likewise he rationalized. For if, as before, we reduce all the. frac- 
tional exponents of (a -I- 6^:] to a common denominator p, and then 
assume a-^bx ^ ^, the coefficient of dx will obviously be rational, 

and dx will become ^—r — , which b also rational ; hence such a 

function will be thus rendered entirely rational. 

1. Suppose, for example, the differential proposed were 
dx 





Ja+ bx 




PulliiJgi. + 6i = i-w8hav6 






dx = ^ 






dx 2dz 






■^{a+bx) b • 




. J. 


2/^ = .| + C = i 


Ja + bx 


J^^a + bx 


b 


2. Again, let it be required to integrate 






xdx 






(I + .)»■ 




Substituting 2» for! + 
3ds; llence 


X, we have a: = »* — 1 . 


.xdx = 2 


life 


2(^-l)<b .. 


idz 



2{»'-l) 



(1 + x)^ ' 

/, xdx 2 1 

(1 +xf * ^l+x^ 

3. As a third example let it be proposed to integrate 



x-Ja + bx 
Here the transformed expression in 2 wiU be found to be 

^dz 2dz 
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the integml (^ which is either 

2 ^'a+ bx—y/a 2 \a + bx 

— log. ^ or-;=ten.-' ^^ZI^, 

according as the firet or second fonn is taken. If thedifTeientialhad 



xVbx—a 
then the ezpreesion in x would have heen 



r' + a 
of which the integral ia 



2 Jfcx — a 2 ^bx — a 



Va ' a ^ _ 

It IB thuB obvious that we may always give to the integral of 
bdt 
z'±a 
either a logarithmic or a circular form, whichever we pleaset but 
one of these forms will necessarily involve imaginariea, and will there- 
fore be in general leas suitable for the purposes of calculation than 
the other. 

(17.) There remains one more class of irrational diderentiels which 
can be rendered rational by a general process ; these are such as in- 
volve no other irrational terms but those of the form 



Va + bx+ ex', 
which form may in every case be rendered rational, by apjdying the 
principles of the diophastine analysis, and consequently eveiy rational 
function of it may be rendered rational- 
First, let c be positive, and assume 

— + — + 3^ = (x + zy = ic'+2xz + ^ 

from which equation we get 

a — cz' , 2c (o — 6a + c**) . 
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hence 

consequentlj, by the proposed transfonnatioa we obtain for the iira- 
tional function of x an equivalent rational function of z, and as also x 
itself is a rational function of z, dx must be a rational function of « ; 
so that differentials of the proposed form are thus rendered entirely 
latjonal. 

Secondly, let c be negative, and let a and j3 be the two roots of the 
equation 

then, by changing the signs 

having thus decomposed the expression under the radical into its 
simple factors, we shall aasume 





VC^-«)0-^ 


= ('- 


-■; 


from which 


we get 








^-. = C.- 


—)A 




whence 










.=^.- = 


2(«- 
(«■ + 





_ _ 3 + irf _ fi — a 

hence, by substitution in tlie original assumption, we hare 



which is a rational expression, and so likewise is the expression for 
X, and therefore the expression for dx must be rational too. 

It appears that when, in such irrational differentials, as vre are now 
considering the coefficient of 3? is negative, it will be neceasery, in 
order to rationalize them, to determine the roots of the quadratic func- 
tion under the radical, after changing the signs of the terms ; but when 
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the coefficient of a? is positive, this preliminaiy operation will be a 
necessaiy. We shall add an example or two of these forms : 
(Id.) 4. Let it be proposed to integrate 
(fa 

Here we have to rationalize 



■/ a + Ox+cx'; 
theiefoie, proceeding as in the first case abovei we have 

_a — c^ a-Vc^ — I — - a + c^ 

" 2^' ^= — 2^'^^ -^"+'=^=2^77 = 

and, consequently, 

/. dx f, — dz — I , 



V c 

As the sum of the squares of the tenns withm the brackets is = O) if 
we divide by the constant log. a, which we may incorporate with the 
arbitrary constant log. C, the form will be changed into 

and a aimiler change may bo effected on the integral in the next ex- 
ample. 
If we pnt the proposed differential under the form 



the correspraiding form of the integral will be 

1 . V — ex , -, 
— — -_ Hm.-' 1- C. 

6. To integrate 
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(far 
Va+bx+ ex"' 
Proceeding as above, we have 

f ^ = -/:Jf!ii = --Lw.cf2«-6). 

J y/a + bx + cx' •' 2m— fe ■/ c 

that is, subatitutiiig for z its value 



f ^ = )-log.Ci2v'cC8+6H-c;c')— 2m— fei- 

6. To integrate 

dx 
V a + 6i — *»' 
Having determined the roots a, /S of the equation 
a? — 6* —a = 0, 
ire have, b]r proceeding agreeably to the second case, above, 



/. (ir _ / • 2(fe _ 

^a + bx—x'~ J^+i~ 
or, restoiiog the value of x. 



p ax 
Ja + bx — x'~ 
7. To detennine 



J Va+l^x' 
f ^ = i log. C {bx + ^/a*+6"*"}. 
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f-. 



f ^ 


_ l|^^p Vo' + S'^ + « 








i. 


(1 


+ i") -Jl — ^ 


^ J. 


' tuu- ' ^ ^ 1 C 


J {\ + X^)■/l- 


.. ,'2'^ ^,_^ !«■ 


Hi. ToiDtegmte 






<!. 


X 


V1+X + ." 


di 


log. 


iVl + «+«■ 


11. To integrate 





f-. 



^2bx — x' 



12. To integrate 



/7 



= alog. C (x + o+ i/2oa: + «*},. 



' V 2ite + jr" 

Besides the irrational forms considered in this chapter, there are 
others also reducible, \ty general rules, to rational forms. These, 
however, being all only paiticular cases of a more general form to be 
examined in the nest chapter, thay more properly come under notice 
in that place. We ou^t, perhaps, before dismissing (he subject of 
this chapter to apprize the student that there exists another method of 
determining the coefficients A, B, C, &c. in the numerators of the 
assumed partial factions, which does not require the equations of 
condition necessary in the method of indetertninate coefficients which 
W9 have employed. But, although this second method is in some 
cases shorter than thai which we have adopted, yet, as it is less simple 
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vid obvious, we have prefeired the latter. The other method Ea ex- 
plaiDod in note ( A ), at the end of the Tolume, to which the student maj' 
refer. 



ON THE INTEGRATION OF BINOMIAL DIFFEREN- 
TIALS IN GENERAL. 

(19.) The object of the present chapter ie to solve the fdlowing 
general problem, viz. 

To inUgnUe Ike form 

If {a + bif) f dx . . . . (A), 

in which m, n, p, are either whole or fiactional, positive or negative. 
We ehall first remark that this general eKpreseion may always be 
changed into another in which p shall be the only fractional exponent, 
and in which n shall be positive. For ifwe reduce the exponents m, 
n to a common denominator q, and then substitute s' for x, p will be 
the only iractional exponent in the transformed eipressiou: if after 
this the exponent of z within the parenthesis should be negative, we 

have only to substitute — for sand it will became positive ; hence the 

integration of every differential of the above form may be obtained, 
provided we can always integrate when n is integral and positive, m 
being either a positive or a negative integer, and p any number what- 
ever ; so that, in fact, we need consider the above form only under 
these conditions, although in what follows, tins is not necessaiy. 
Substitute 2 for a + 6x" and there results 
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ni- 



■•'"■'' = — ;rTr('-») 



hence the general form becomes 



the ezpoaentof(s — a) willbea whole number r, and we shall then 
merely have to integrate the form 

{z — ay zf dr, 

which we can always do whether r is positive or negative ; for if it is 
positive (2 — a)'' is, whendeveloped, a series of monomials, and thus 
the integration 19 finally dependenton theform 2* dx; ifria negative 
and ( be the denominator of the fraction p, then, by substitnting y for 
s, dke form is reduced to a rational fraction. Hence the form may 

oiux^ be rendered rational when is on integer. This is call- 
ed the condition of integrability. 

(21.) Byadoptinga little artiiice we may easily arrive at another 
transformation of the general differential expression, and thence obtain 
another condition of integiabili^. Thus, divide one ofthefaclors 
(o + b^y of the proposed by i^ and it becomes (or"" + by ; mul- 
tiply the other factor a:" by af' and it becomes if*^, ao that the pro- 
posed is the same as 

3r**^ (ax- + by dx. 
Substitute in this, t for ctr ' + b and the resulting transformed ex- 
pression can di^ from that before obtained only in this, that a and 
b will be interchanged, that — nwilt appear instead of n, and in + >¥ 
instead of m ; heoce the transformed expression will here be 
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- . (z — 6) " jfdz. 



Htaeelhtforrnmayberenderedraiiotudviken + p t* on in- 

teger or 0. 

The foregoing are the only cases of the general form which in the 
present state of analysis can be rendered rational. The following 
examples B&lisfy the conditions of integrability. 

EXAMPLES. 

(22.) 1. To detennine the integral of 

3^ia + bj^)^ dx. 
In this example 



&e first of the preceding conditions is therefore satisfied, and the 
transformed differential is 

in which 



coDsequentlji taking the integral 

I* oj* , » + >!■ o . 

2. It is required to integrate 



hence the second condition pf integrabiUty ia satisfied, and the ti 
formed differential is 

of which the integral ia 
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= c — 



ai?+ s 



3. To integrate 

/«" (o- + i^* <l« = ^ (o" + »")• {ix' — anf) + C. 

4. To integrate 



< • <^ _ " . (. 
■'(1+^)1 </! + »» 
6. To integrate 

«• (a + 6a?)^ (tt 

in which 

a = a + 6x". 
(23.) When the conditioos of integrability are not satisfied, the 
proposed differential may then be refeired to other general fonnolas 
called /ormufof of redaction, and which reduce the integration of the 
proposed expression to others of a simpler kind. These fonntdas 
are obtained as follows : From the known form 
d . tw = udv + vfitt 
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-WQ have, by taking the integrals 

MP —fade + fvdv 
."./urfo^Mc — fvdii .... (1), 

a fonnula which reduces Uie iotegratioii cfudvto that ofndu, and- 
which is known by the name of inttgratiim by parts. 

Let 09 now compare yiufe with the iulegraiyj:*' (a -f* hafy dx ia 
stqtposing 

{a + biry = u, ;r"(tr = dp .-. p = — - — , 

and we shall then have, by applying the method of integration by 
parts. 

far {a + bsry dx = 

or putting aa before 

a+ b}r = z 

fif^dx = ^.-£^-:^^^^fir*'^-'dx (2). 

By this fonnala of reduction we see that the integral of any differen- 
tial of the form (A) is made to depend upon the integral of another 
difTereutial of the same form, but in which the exponent of z is dimi- 
nished by 1, and the exponent of r, without the parenthesis, increased 
by». 
From this we may deduce a second formula, for since 
:^ = ^-^{a + bxr) =<«?'-' + fcaP-'a- 
it follows that 

fifi^dx = afiTif-^ dx + bfif*'^-' da ... . (3). 
Subtract this from equation (2) and there results 

•' m-t-1 m-)-!-' ^ 

or, substituting j> forp — 1, 

' oC''>+ 1) a(m + 1) ■' 

by which formula the integral is made to depend upon another of the 
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some form, but in which the exponent of x, without the pureiitheaia, 
IB increased by n. 

The two fonnulas now given may obviously be useful when m is 
negative ; it may be remarked, hoivever, that bolb fail to be applica- 
ble «4ken m + 1 = 0, or when m = — 1, but in this case they are 

not wanted, because aa then = the condition of integrability 

is satisfied, and the proposed form may therefore be rendered rational. 
If we transpose the integrals in the formula last deduced we shall 
have 



/ar+'tPrfi = 



* (p» + n + m + 1) 6 

(pn + n + m+ 1) b-> 
which, by putting m instead of m + », becomes 

(pn + m+l)b (pn + m + l)b-' 
a formula which causes the proposed integral to depend on anoth^ 
of the same form, but having the exponent of j; without the parenthe- 
aia diminished by n. 

If instead of subtracting equation (3) from equation (2) we had 

multiplied it by — \, ~: ^^ (hen added, we shoidd have had 

whence, dividing by the coefficient*- — -j— j — , we have 

yi-., 4, = ., . f^ + .^^m—J^^' a., 

•' pn + m+1 pn + m + l" 

by which formula the integral depends on another having the expo- 
nent of the binomial less by unity. 

By multiplying this last formula by the denominator and transpos- 
ing the integrals, we have 

*' apn apn 

which, by putdng p for p — 1, becomes 
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afonmila which ma; be useful whenp is negative. 

Id like maimer, by multiplying the formula (2) by - ■ ^ ■ 
transposing the mtegrals, we have 

which, by putting to instead ofm + n and p inBtead of p^ 1, be- 
comes 



'(p + l)n& (p+l)nfc-' 
For the convenience of reference we shall now collect together the 
several formulas deduced in this article, and we shall thus have the 
following 

(24.) TABLE OF FORMULAS FOR THE REDUCTION OF THE INTEOEAL, 

3f^{a + barf dx orfiT^ dx. 



/a-tf dx = !^. — -j-T ^x-j/*"^ ^** dx. 



IV. 



T. 

■' (p«+m+l)4 (p« + >» + l)6'' 
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VI. 

(p» 

«(m +1) a (n. + I) 

Either oftheae formulas ma^ vinder certain relations of the expo* 
nents become in^plicable on account of the denominator vatushingi 
but it will be easy to perceive that under these same relationB the dif> 
' ferentials proposed may be rendered rational. We shall now ^plf 
the foregoing formulas of reduction to some examples< 



(25.) 1. To integrate 

To this expression we ma j conveoieDtly apply the formula T, Grom 
which we have 






- ar'ttr 






we have thus reduced the integral to the known form 
therefore 

2. To integrate 

■/a + fcr"' 
Applying to this expression the same formula, we have 

J Va + bx' Sb 6b'' 
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/i(a+6r')— idr 
■consequeDtlj 
f ar'ir a:* y/a^h? 4a ( 



~ 156 ' 6 

3. To integrate 

iTdx 



By the same fomiula (V.) we have 

and making tn succeaaively equal to the odd numbers 1, 3, &c. this 
equation gives 






J -Jl—tf 


-^— i/7= 




-^— ^y^ 




-^-— ?y^ 



Substituting in each of the right band members the value of the in- 
tegral aa given by tbe preceding equation we have 
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» a^dr 1 1-4 1 • 2 • 4 



/I I'dc 1 



1 -6 1-4-6 

5- T'^ "*" 3-6-7* 



1 • 2 •4-6 

rraTTT^) N'l-^ + c 






, 1-2 ■4-6 (»■— 1) 



! VI- 



Now let m be assumed successively equal to the even numbers 0| 
2, 4, &c. For 17) = the formula is inapplicable, but the integral 
for this case ia giyen at art. (8), and issin.-' « + C ; therefore 









/ = — s^Vl — a:* + B / 



-=^ = — — I— VI — i" + f ■ 

that isi substituting for tlie integral in each light hand member its 
value given by the preceding equation 
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. dx 
/^;^== = «,.-.. + C 

- a^ilT 1.1-3 1 - 3 

2. 4.6 



/, ^di „ 1 m — 1 

-3)(^-l) ^^ 



-4) (m — 2 
•5 («-'). 



2-4.6 a ^l~^+ 

1-3-5 (m — 1) ._,,-, 



2-4-5.. 
4. To integrate 



y the fonnula TI. we have 



y . dx -J 1 —^ m — 2 y. Af 

which for m = 1 fails to be applicable ; but example (8), art (IS], 
J X V 1 — :r» 



hence, putting m auccesaively equal to 1, 2, 3, &c. we. hare 
J X -J 1 — a" ''^' * 
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/ dx V 1 — JT* , 3 /• dx 

I'v/l— ^ *^ ^•^ x'-^\ — 3? 

p dx y/ I — t' & f dx 



yaf %/ 1 — 3^ (m — 1)*^' m— l7a^"Vl— «» 

that ist by substitution, 

Jx'-/\ — x' •2J-' 

Ji* V 1 — ar" Ua:* 2 . 4ar'' " 

1.3 1 + V 1— a^ 

-2T4»«g- — ; — ; + ' 

___^___ J_ 1 .5 



1.3.5 1 + Vl —xf 



f:^^T:z^ = ^~^l^;r^ 



[m-l)jf-' • (m-3)(n. 
(m_4)(in — 2) 



(m— 5)(m_3)(m— l):r- 

, 1.3.5 (m — 2) 

-^ (iitryiss ^i-""- 



2.4.6 
1.3.5 (. 



— 2) 1+ JJ — i' „ 
—^log + c. 
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If w« put m successively equal to 0, 2, 4, &c. we have 



f_Jf__ 1.2 



'■61' 3 • 5a^ 1 • 3 - 5ar'' 



/•— ^= = _J ^ I "*-'' I 

"^T-Vl— s> '(m— X)i^' (m — 3)(m— ijar-*^ 

- (m-4)(m-2) 

(m— 5}(in — 3)(OT — 1} af^ 

1.2.4 fm — 2) , „ 

r73:-5T ...(„-i), i ^'l-^+c■ 

6. To integrate 

^2(«! — r"' 
This expiession is the same aa 
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and, comparing this with the formula T. we have, for m, a, £, n. and 
p,m — J, 2a, — 1, 1, and — |, therefore 

^<^ jf^' y/ 2ax — x* ^ a (2m — 1} f__^^ 






v'2oT — a;° m * m "^ ■/2ax — a^ 

so that, by continuing thus to diminish the exponent m, the integral of 
the proposed differential <wiU finally depend upon 

/ ^ 1 

^2ax-x' = ™'*'°"' T ^ + ^■ 
6. To integrate 

ardx 



If in is greater than, or equal to, 2, this differential may be reduced 
by formula IV. or V. or by the appUcation of both to the forms 

dx xdx 

according as m is even or odd. The integral of the second form is 
^— _ + C; 

2 {1 - p) («' + =^r-' 

but the first form is not generally iategrable, unless p' is \, or some 
multiple of it, in which case it may be further reduced by fonnula HI. 
and will finally depend upon 

■flW^^ = '"e- "^ <' + ^?+?)- 

If ro = and p be a whole number, formula III. gives 



/{«" + 



+ 



x=K 2(p— ly [i^-v^)^ 

(2p — 3 p dx 



(2p — 3 p di 

{p— I) a- J {a' + 2 



i(p—l)a'J{a' + x^y^" 
which ia the equation otherwise deduced in art. (13). 
7. To integrate 

dx 
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8. To integrate 



for the odd Taluea of p. 

f ^ , = -)T'°e-l'"^*+''»T8?i + C. (See ei. 7, p. 31.) 

/• "^ - ' I " 

■'(0+S^)* • >/ o + ii" 

•' (a+i^)^ ' 3. (« + 6:^) ^ 30' ' ^ . + j^ ^ 

/• 'fe - l__J + i + 

•'(a+Si')* ^="<° + »''l" "•■(» + 4^)^ 

' , _^„ , c 

16 tf! V o + i." ^ "^ 

&c &c. 

9. To integrate 

for the odd values of m. 

^ v/u + ii"" 6 ""^^ 

/> ^(^ 1^ 2tt 

&c. &c. 

10. To integrate 

fi>r die even values of m> 
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/:7t?^ = 75 '<«• i '>"+-'«+ '"^ != !■ 









11. Tointegnte 

V a + Si" , 

? ■*■ 

for odd values ofm. 



^-~^tfar=^/a + 6r^+^/alog / ^ !^ =^ + C 



+61* ' Vo+6i^ h y/a+b^—Ji 



/■^■^+5? a + 6^ 6 - 



+ C 



+ 6^" 



Sax'* 

b' V-^^b?-^/a 

— — I'og- Z +C, 

8a* * 

&C. &c. 

When the pn^toeed biaotnial cannot be reduced to a form integro- 
ble by the preceding methods, (hen the only geneiBl mode of proce- 
dure is to develops the binomial in a series, and to integrate each 
term separately. The m^od of integration by series will be treated 
of in a ^tuie chapter. 
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OBAPTBB XV. 



ON THE INTEGEATION OF LOGARITHMIC AND 
EXPONENTIAL FUNCTIONS. 

Logarithmic FtmclioHS. 

(26.) But few of these forma are capable of integration by any 
geneni] process at present known, except, indeed, by the method of 
series, which fumiabes, however, but an approximation, and should 
therefore he resorted to only when exact methods fail. 

To itdegrate the form 
X log." xdx, 
in fdiich X is a function of 7. 
If, in the formula for integration by parts, viz. 
fudv ^ wp — fvdu, 
we supprae 

dv =^ Xdr, u = log.'z', 
we have 

/Xd»log.-« = !og.-«/Xdr— /(/Xdx-ftlog.'-'a;^), 

n putting, for breri^, 

/XAr=X, 

/Xiirlog."* = log."*' X, — n/" — log.""' wir . . . . (1). 

If n is a positive whols number, tiie successive appUcation of this for- 
mula will finally reduce the integration of the proposed form to that of 
an algebraic function, so that the proposed will be integrable, jvovided 
we can integrate, in succBBsion, the algebraic functions 

X(tc= JX„ — (ir =dX,,— ^(iF= dX„&c 
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To give BO ezampls of the spidicatioQ of this focmnla, snppoee we 
bad to integrate 

X log.x dx 
^a' + x'' 
Here 

s xdx ■ 

" = ^' ^ = 7^+^ ••• Xd« = dX, = ^^qr^.-.X.= y^^+ x-. 
conaequently the final integn] will be 

X. =y — ^— fe 

which we may at once reduce by the formula I. last chapter; or, if 
we multiply the numerator and denominatorof this by the numerator, 

/i^dx /• xdx p t^dx 

and, (ex. 6, p. 31,} 

consequently, by the formula (I), 

/■ X log. xdx 
^;=^=^ = log. I Vo* + z*- ^«» + «» + 

a log. + C. 

(27.) One of the most useful cases ofthe above geneial form u 
that in irtiich X = z", the form then being 

^Xa^.'xAx^ 
and lor which the formula of reduction (1) is 

fjTdx log." X = — ^-r log." X XT^ *" 'og-"^' '<'*• ■ ■ e*)' 

. -./j^ dxlog."^* = ^-qjy lOg."-^*— j^q;;^/ i^ log.-" » dr 

, . . - . *"■*■' , -J « — 2 , , _ , 
/jc- dr log.*-** = j^^ log.'^*— — -j/a* log.-* « dr 
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&c. &c. 

Hence, eubstituting for the integrals, on the right, their values as given 
by the succeeding equations, we have generally 



»t"-l) C« - ', ,„„ ^_ _^ ,,. , ^ ^ . (3j. 



. (m + 1)= 

This eeriea tenninates whenever n is a positive integer. It fiuJs to ba 
^plicable, however, if m = — I, in which case the difierential is 



log.' X, — = log." X . d log. X 



«+ 1 

so that, in this case, the formula is not required. 
This last expression, if n is negative, becomes 

/dx _ log,"'*' X 
c log." X — n + 1 ' 
80 that, calling this e and if*', u, the formula for the integradoa by 
parts gives 

- px'dx _ a""*"' m+1 f_^dx 

Jlog"x {»— l)log."-'x n — 1^ log."~'x ' ' ' ' ^ '' 

«r proceeding as in the former case, 

f^dx __ jT*' - 1 ro + 1 1 

/ log."a: . n — 1 * log.'^'a: n — 2 ' log."- *« 

(„_2)(«-3) log."-'*^ *^ 

I -a-S (n— l)Jlog.a; *■ '' 

beyond the integral f~ — -^ the reduction cannot be carried, for the 

formula ceases to be applicable when n becomes = 1. This final inte- 
gral may be put in a somewhat simpler form by subedtuling x for 
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3r*-^ , for then «»ci» — . ^ - , and log. x = °^* , consequently 

/I™ (iz _^ /» da 
log. j; J log. « ' 
which ezpreaaion, simple as it is in appearance, has never yet been 
integrated except by series. 

When m is a fraction either positive or negative) we may, by tneans 
of one or other of these formulas, reduce the integratjon to that of 
another expression of the same form, in which n will be comprised 
between 1 and — 1, which final expression must then be integrated 
by series. 

EXAUPLES. 

(28.) 1. Required the integral of *" dx log." x. 
Since here m = 3 and n = 2, the formula (3) becomes 

/x^drlog.'^ = ^ Jlog."r-ilog. ar + Jj + C. 

2. Required the integral of 

Xog.'x' 
The formula (fi) gives 

yKe'dx _ I* /'X' dx 

log." X log. X J log. x' 

This last integral, as before observed, catmot be obtained in finite 
terras ; but, if we put 2 for x^' , the form, as before shown, becomes 

f^~i- '^°^< "f l'>e- * be «, then {JHff. CaU. p. 31), 

, = .-=, +„ + _ + _ + &o. 

consequently 
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+ &c.i +c. 



(29.) It may be here remarked that the fonnula (2) israthermora 
comprehensiTe than it appears to be, for, by atteikding to the maimer 
in which it has been deduced, we readily perceive that it equally 
holds, when instead of j:", we substitute (z ± a)", so that the in- 
tegral of 

(x ± a)" dx log."* 
will be given hythe second member of (3), provided that in the 
fector without the brackets we change x into x ± a. 

The same is true of the expression (5), although we cannot legiti- 
mately infer this from the mamier in which we have deduced the for- 
mula (4). If, however, as in the first case, we commence with the 

more general form ^ , which may be written Xx. , — ; — - — 

° log." X ■" X log." X 

then, smce 

dx _ pdx log."" X _ log. 



Jxiog."x J X — n + 1 (» — Ijlog."" 

we shall have, by integrating by parts, 
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/ AtfT ^ Ix 1 /»d[Xgj 

log."^ (» — 1) log."^« » — 1 J log.*^ « 

or.ifX = x", 

/ J^rfj a^' m + 1 pjfdx 

log.'x (» — l)log."~'x n — lyiog."^'*' 

io which obviously (z ± a)" may be put for ^. 

Exponential ftmctioM. 

(30.) Let ua now consider exponeDtial fonns ; these, like loga- 
rithmic, are for the most part uninlegrable exact]/. 

To itUegrale tkefona. 

tfsfdx. 
Putting in the formula for integration by parts 

w — a", dp = tt" <tr .•■ p = - — ", 



log. a log. 

log. 4 log. o 
&c. &c. 

Consequently by substitution, 

L w (m— I) J*-* 
log.'a 
^■■2 3....„ 
log." a 
the upper sign of the laat teim having place when m is event and the 
lower when m is odd. 

When m is negative, the series within the brackets does not ter- 
minate, and is therefore inapplicdile ; but if in tiiis case we put 



n,g,t,7l.dM,GOOglC 






the fonnula for integration by parts will give 

/*a' dx a" log. a pif dx 

J~^ (m — 1) a:*-' m—lJ~^^ 

/ <fdx _ ^ J. '■'S' " /"•' *^ 

a?»-' (m — 2) a-^ itT^J^^ 

/i fdx _ 




The integral f- is not rigorously detenniaable, but it may be 

approximated to by series. 

EXAHFLEB. 

(31.) 1- To integrate 

ardx 

The formula jnst deduced gives 

/(^dx a" ,, , ■ k , log.' a /*aFdx 

but if we substitute for a* its development {Diff- Cole. p. 31), we 
have 

__ = _ + log, o(tB + (^ log.*B. a:+ ^—g log.* « . a* + &c.) dx 

/<^dx , , , 1 1 1 ■ ^1 
= h^. J! + log. o . a: + g'^S- *' jfTl '*' 
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!2t^ |log. . + log. <.•» + i log.- a ■ j^ + So.! + C. 

2. Totategiate 

f^fl^='^^_j!^ + ^£ 8 ! + c. 

log. a 'Og- o log- o log/a 

3. To integrate 

^ • xdx ^ 

lT+7f 

4. To integrate 

,, , ,, = — J h (1 — 6 log. a f — ^, 

when 5 = 6 + 0. 

6. To determine a general formula for the integiation of 

«(m— l)a^ , 



tog.*. 



log." 
* Bj patting 1 + « :s Y, this will be traiulbnDed into 



ii-^~ 



V '• 
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ON THE INTEGRATION OF TRIGONOMETRICAL 
AND CIRCULAR FUNCTIONS. 

(32.) In consideiing the difiereutial expreseions whose coefficients 
are functions of trigODometrical lioes, it is obvious that we may con- 
fine our attention to those only which contain sines and cosines, since 
all the other lines may be converted into functions of these. As in 
the fojrmer chapter, so here, we shall treat of those forms only to 
which genera] processes apply, omitting all notice of the almost infi- 
nite variety of combinations which might be devised, and for which 
the calculus in its present state supplies us with no rule of integia> 
tion. 

(33.) To integral the form 
sin." X cofl." xdx. 
To this general expression we may apply the method of integra- 
tion by parts, first putting it under the more convenient form 

sin.*"' X COS." X sin. xdx, 
fco-, c<»nparing this with the formula 

/add = lie — fvdu, 
by assumins 

sin.""" ar = «, cos." x sin. xdx = — cos." xd coa. x = do, 
and therefore 



(m- 


— 1) Bin.-^ a: 


COS. xdz 


■ = Au^—-~ - 






^ »+ 1 




hbeconies 












/sin." X COS. 


.'xdx = 


sin.""' X COS."*'' 


X 




n-l- ] 






+^ 


-/sin.- 


X COS.-*' xdx. 





This form may be aomewhat simplified, for, by substituting in the tn- 
tagial on the jight 
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COS," x{l — sin.'x) for coa.*** x 

it becomes divisible into the two 

/sin.""* X COS." xdx — Jain." x cos." xttr; 

n»kiiig, therefore, this substitution, we obtain from the result 

, . _ , sin."*"' X COS."*"' X 
/am."' X COS." xdx = -^ 

■^ ~ — J'ain.'^* X COB.' xdx 

. __, , sin.""' X cos.*^' r 
.■. sm."^ X, COB." xdx = — TT— ; 

, m — 3 , . , . , 

+ —T — fmn."^ X cos," xdx 

m — 2+" 

f sin,"*^ X COS," xdx = — 



m-4 + n 

-\ ; — / sm,"^ X cos," xdx, 

m — 4 + »■' 

&c. &c. 

Hence since the exponent tn is thus diminished by 2 at each suc- 
cessive appUcation of this fonnula, while the esponent n remains the 
same, it follows, that if m is a positive odd number, tn and n being 
also both integers, the integration vriU be finally reduced to 

'- + C, 

so that, in this case, the proposed may be completely integrated by 
the application of this fonnula of reduction. 

(34,) If we substitute for the integrals in the ri^t hand members 
of the above equations their values as given by the succeeding equ&- 
tionsi we shall have the following 



n,g,t,7l.dM,GOOglC 



■ DITBaKU. CALOVUDI. 



a s 
At 



■f s 



I 1 



il 



■ 1^ 
1;.- 



e I g S 



ill 






4?; 



a i I 
a| 1 
a g s 

11 I 



I 



'.'i 



1 

i 

3| 

■ I 

I 

11 



1 



111 I 
X a = 3 
1 •»■ °'S 

> ^"3 
's -a I f 
■f -a t * 
1 S-a % 

: 'S -a .a 
SI'! I 
= -3 |3 
;l| 



l"il 






iM,Googlc 



TBK INTBSKU. au:.OinHII. 






111. 

ITII 

i |» 
il^ If 
" it 

i u 



!i 



I s 

if. 



lit 



I ; 

s s 



m ii *J+ 



■il' 
II 



3 s 
s i 



iM,Googlc 



TBS n^HIBAL CAIiCUfcm. 61 

Before considering the case in which m, », are one or both nega- 
tive, we shall give an example or two of the application of (he [n^ce- 
ding ftHinulas. 

EXAMPLES. 

(36.) 1. To integrate 

Bin.* X C09.' xdx. 
Ast in this expressioD, » ia odd, we shall employ fonnula II., 
which gives 

, 2 sin.' X 



faa,*xcoB?xdx 


=^-" + l-^+« 




==^'(— "•■') + ^' + 




= lsm.*^-^sm.^« + C. 


3. To integrate 






sin.* X COS. X* dx. 


As m is odd it will be best to employ formula I. which gives 


fBia?XC09.3*dx 


= _2Ll_-i^..,+ l, „...! + 


4 
9 


4^-f + c 


- '";'i.in.-«+i™...4.*:|i+c. 


3. To integrate 






sin-'xttr. 


B7 fomnila lU. 





= _ 1 COB. « (Mn.» « + 2) + C. 
4, To integrate 
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/ 


Bio. 


xcoa.'xdx = - 


-:^(- 


n.-i- 


6. 


To 


integrate 


m-'at. 




•idx 


COB. « ( . ( 1 5 . 


■.+ 






5.3 
6.4 


i-^o: 




6. 


To 


iotegnte 


xcoa," xdx 




/ 


in.' 


* coa.^ xdx = 


^cc...- 


1 + 



'! + 



.' + "• 

It ie worUi wliile to observe here, that when either of the exponenta 
m, n, is 3, the formula for the integral is so remarkably simple that 
in eveiy such case the integral may be instantly written down without 
any reference to the table at page 59. For by formula I. 

f &a.' X coa.' xdx = , Jsin.^a; H xT? ■*■ ^• 

and by formula II> 

/■ ■ - J _j «!»."*■' X . 1,2 
/am."a!C08.'mte = — —5- Jcob.'x H -^--\ + C, 

which two forms may be remembered and applied without any trouble- 
Let us now suppose that one of the exponents m, n, is negative, we 
Bhall then have 

(36.) ToinUgrattthe/om 

«n.''x , CM." a; , 
1^ dx, -^—^ — dx. 

The formulas lutherto given will not suffice for this purpose ; they 

mi^it, indeed, by means of the formulas I. and II., be reduced to the 

forms 

sin. X , xdx , cos. x , xdx 

or or 1 and . _ ■ ifaor- . ■■■— , 

COS. X COB. X sm." X em. x 

of which thfl two 
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Bin. X , , COS. X , 
— tlx and -:—;;- ax 

are immediately integrable, so that, when m is odd, in the first of the 
above forms, and when n is odd, in the second, the fonnulas I. and 
II. respectively apply. When, hovever, this is not the case, wo are 
led to the foims 

xdx xdx 



which have not as yet been integrated, for m, n in the fonnulas HI. 
IT. are esaenlially positive j the question is therefore reduced to the 
integration of these two forms. Taking ihe first we have 
rxdx . . , , 

J'SFi^-^''^ ''"•■' ■ ■ ■ ■ W- 
and, putting 

sin.'*'' X = K,d COS. x = de, 
the formula 

— fuAe = — w) +/cd« 



—JaaT"^ xdooa.x = — 8in."*^'xdc09. « — 
(n+ l)/sin. """^xcos.^xiijB 
= — sin.-*-' a: COB. a: — (»»+ 1) }/sin.-*^i: — /sin.-"r} dx, 
or, dividing by m + 1, and transposing, we have, in virtue of (1), 

p dx cos. X , m p dx 

J Bux.'^x (m + 1) flin."^* m + \J em."! 

or, putting m for m + 2, 

/dx _ COS. X . ™ ' — 2 /. (te 
8in."r {m — 1) sin."-"* m — 1 »/ sin."'-** 

p dx COS. X I ™ — i p dx 

' 'J sin."-" X (m — 3) sin.'*"'* m — 3 •/ sin."*^* 

/ dx _ COS. X m — G p dx 

9in."-*x (nt — 6)Bin."*"'« m— 6*/ sin."-'*' 

&c. &C. 

By the aiiftlication of this process, we see that when m is odd,- the 
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integration will be finally reduced to that of / ^ : which, by mul- 

tijriying nomenUor and denominator by sin. x, becomes 
p dx _-aa.tedx __ ~dcoa.x _ 
■/sin. * "^l — COB, "a; Jl — cos.^ar 

(„„.l,p.,6),,.g.(i^|^)* + C. 

(hat ie, (7)r. Gregory's Trigonometry, page 47,) 

when ffl is even, the final integral is eimpl^ydr ^ z -^ C, or we 
may, in this case, stop at the preceding integral, which will be 

J BU 

(37.) By substituting for the several int^^tals on the ri^ thdf 
values as given by the succeeding equations, we shall have (be fol- 
lowing continuation of the table of formulas given at page 69 : 



' At ait. 27 Lacroii'B Trigonoraelij, we God 




C(».«-coa.i tan.l(a + i) 




coa.B + co8.i tan.J(B — *)■ 


which, when a -. 


= 0, becomes 




[^=^=-... 


and, tLetelbre, 






- <'SS^,'=-.'. 




'""•'T^St'' = '"'!■'"■ I'- 
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EXAMPLES. 

(38.) 1. To integrate 

COS.'' xdx 
eia. X ■ 
Applying here fbnnula 11. we have 

/COS.'' xdx 1 , .,6 ii6'4 a t I /• COS. xdx 
: = - !cOS,*I + -COS.'a:+- -COS.'x|+ / -. 
am,x 6' 4 4-2 '^ein. x 

= - J COS.' a: + -COS.' a; +-cos."r + log. sin.* + C. 

2. To integrate 



ApplytDgJfirst formula I. we have 

/sin.* xdx 1 , . , . , , J' dx 
r = T- Jsin. X — sm. ;ri +/ —, 
COS.'* cos.'j; ' ^coa.'a; 

and ^plying formula VI. to the last integral we have 

y» ax sin. 1,1 3 ,, 3, .>*..^ 

SO that 

/sin.* xdx 1 ( ■ , 6 . 
z = T- Jsia-'i: — -am. xi — 
COB.'x COS.'* 4 ' 

3. To integrate 



fJS^L^ = ioos.'«+i COS.'* + COS. a: + log. tan.5 ar + C. 
•/ sm. j: 6 3 V 
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coa.'x 
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5. To integrate 

J = COS. X + sec. X + C. 

cos.'x 

It must be remarked that, in the fonn juBt considered, the process 
fails when m = — n, beoMiae then fomiulas I. and II. become in- 
applicable, but they are not needed in this case, for since 



/sin.":F , /• u" , /.COS."* , /> 1 , 

and therefore the proposed fonas become reducible to rational frac- 
tions. 

(39.) Before diamiaatng the preceding forma we ought to remark, 
that in those particular cases in which the exponents m and n are 
positive whole Dumbers, the integration may be effected without in- 
troducing any powers of the trigonometrical lines, the sines and co- 
sines of mtdtiple arcs occurring instead, and these are more easily 
calculated than the powers. 

This form ofthe integral requires thedevelopment of sin. *'«,coa.?j: 
in finite series involving <»ily the sines and cosines of the multiples 
of X, and which development is always possible when m and » are 
positive integers. It gives (hb JVbte B. ) 

. . 1 „ . t 
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• , 1 » , 3 

sm,*^ =~coB.4x — qCOB- 2x + - 

COB.** = - COS. 2 X + - 

1 3 

COB.' x = j COB. 3 a; + - cob. x 

COS.* * = 2 COS. 4 X + - COS. 2 X + — 
&c. &c. 

IT, Hierefore, we multiply by dx and integiBte we get 

/ein,' X rfx = — s/cob. 2 x dx + - x 
faih'xdx = — j/sin. Sxdx + -faa.xdx 



= — cos, 3 X + 2 COS. X + C 
/sia.*x(ix = -afcoB. ixdx — -/coB.2xdx + 5* 



= — 8iii.4« + -Bin.3*+ g« + C 
&c. &c. 

/COB.'x dx = n/cos. 2 X tlx + - X 

= -8iii.2«+~» + C 

/coa. X dx = j/ooB. 3 X dx + t/cob. xdx 

= 7-- sin. 3»+ vsin. x + C 
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/cob.* xdx = ~/cQ8.4xdx + -fcOB. 2«Af+s* 

= 32sin.4x+ -sm.2x+ -X + C, 

&c. &c. 

Bjr substituting in the expression of/sin."T cos." xitr, for the pow- 
ers of the sines and cosines the foregoing values, this integnl also 
vill be expressed without powers. 
(40.) There still remains for us 

To integrate the form 



am. arcos. * 
Since thifi is the same as 

sin.' xdx + COS.* s 



we have this decomposition, viz. 

n dx /• dx f- dx 

J ma." X COS." X "'/sm."~'a'cos."« ^8in."arcos."~'a:* 
and, by decomposing in this way the successive component integtals 
each into two, we shall finally arrive at forms already integrated- 

EXAMPLES. 

(41.) 1. ToiDt 



em. X COB. X 



/• dx p dx n dx 

J sin.' X COS.* X J sin. x cob.* x J sin.' x 

/• dx /•sin. xix /> dx 1 . , 

/-: s— = / \- / = rlw. t 

J sm. xcoa. X J cos. x J cos. x cos. x 

also (37) 

/ ■ - = — -- . ' ■ ■ + T- log. tan. - X, 
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g. Ox 1 COS. a: , 3 , ^1 , _ 

/-:-3 j- = ■■ „ - , + -log. tan. ~* + C. 

Jaai?xcoa.x cos. x 2sui.'x 2 ° 2 

2. To integrate 



■un/xcos. X J sin.' X COS. I J sin.* x 



sin." COS. I »/ COS. x J t 



2 ^2 



y»co3. xdr 1 

J sin.' a; Ssin.'i 



.-.r-—^ = log. tan. -(- + ^) J L_+c 

Jem.*xcoB.x * 2^2 ' sin. a^ 3sin.V 

3. To integrate 



This, since sin. x cos. x = | sin. 2x, is the same as 



.." y J sin." X cos." a: J sin." y' 



(J)"sin."2ar sin." 
which form has already been integrated at (37). 

4. To integrate 

dx 
sia.'xcoa'x- 

/■__-^__ = _ 4 cot 2x + C. 
J sm." a: cos." x 

5. To integrate 



Bm.'a;cos. a;" 

m. X ,2 

— - 3_ + ;=tan. a 



(42.) From what has now been shown it appears that the general 
differential expression 
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sin." X COB,' xdx 
Bay alwajs be integrated vhea m and n are whole numbers, wfaedier 
positire or negative. It ia also completely inlegrable undo* other 
conditions and by tho same formulas, as is easily seen by transform- 
ing it into an algebraic binomial differential, which we may always 
do. For if we put sin. i = y we shall have coa. x— ^/l — j", and 
the known expression for the differential of on arc x* iu terms of its 
sine y, is {Differentiai Calculw, p. 22,) 

VI— ^ 
faence, by substitution, the jvoposed difierential takes the algebraic 
form 

jr(i-sV*r, 

it4uch we know may always be integrated when either — ~ — , or — ~ 

ara whole numbers. 

As in the preceding general formulas the exponents m or n are 
continually diminished by 2 : this condition of integrabiUty must ne- 
cessarily subsist for the final or reduced integral. 

The reduction of trigonometrical into algebraical fanctionB is oflen 
advantageously adopted to facilitate the integration of such fimctions 
^ in cases which the preceding general formulas do not comprehend. 
But wo shall not go into these cases here, as we propose to annex to 
the present section a supplementary chapter, exhibiting a specimen 
of those particular processes and transformations which are most 
frequently found to succeed when the integration is not to be effect- 
ed by general rules. 

(43.) There remains to be considered one mca'e general trigono- 
metrical form to which integration by parts as successfully applies as 
in the preceding coses. 

To iiUegrate the forma 

iW" sin." xdx, m" coa." xdx. 

Taking tbe firet of these forms, which may obviously be written 

— ntf" sin."-" X d cos. x. 
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and putting in the formula for integration b^ parts 

v = COS. x,u = — m" sin.""' x 

.: dtt = — alog.ni.m'*sin.""'r(tc + (n — l)m"sin. y^cos. a;(tr 

we have 

— fvf sin.*^ X d COB. x = — m" sin."~' x cos. a; + 

a log. m/m" ain."*-' x coa. a; dx + 

(»_l)/m-siD.~^ico..'.Jr . . . . (1), 

The first integia] on the right ia the same as 

1 i- - J ■ » m",'8in.'a; alog.m. „ , . , 
-/m"dsm.";r = 2 — jm" am.'' x dx ; 

hence, b^ substitution, the equation (1) becomes 

J vf am. xdx =^ — m" ein."^' a; coa. aj + 

t^^i^^l^V"*" sin." a; Ac + C» — 1) /m" ain.-^ r ( 1 — ain." i) dr, 

in the second member of which there are two integrals Uke that in the 
first member ; therefore, by transposing these we have 

^ — fnf Bm."xdx = — m"8in."~' a; coa. x + 

aiog. m.m"sin.''x , , ,,,„.-_ . 
—-2 + (»— l)Jm'-'em.'^xdx, 

consequently 

rnil"ma.'xdx = -;—, ^r-r — r }olog. m. sin.x — ncos. x{ + 

^ (a loir. mV + «? ' ° ' 



(a log. m)' + »* 



.(2). 



(olog.. 

By thia formula therefore the proposed integral is reduced to another 
of the same form, but in which the exponent of sin. x is leaa by 2, so 
that if n be an even poaitive integer, we ahall, by the auccessive ap- 
plication of (2), finally reduce the integration to 

f„fdx = ~m"+C. 

If t( ia an odd positive integer we shall arrive at the integral 
/ m" ain, x dx, 
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^^ch is itself immediately giveo by the formtila (2), since Ae bctor 
» — 1 then Taniabes ; therefore 

/m^sin. xdx = -r—. ,. , , ialoe.m • sin. x — cos. x{ +C. 

•' (o log. m)' + 1 ' ^ 

By applying the same process to the other general fonn ne shall ob- 
tain the formula 

/TO"cos.*'a;dr= — j ' , Jolog. m • oofl. a?+ nsin.sj + 

T-T- ia" 1 -la/™ COS.—* X dx. 



BXAHPLES. 

(44.) 1. To integrate 

e" sin.' X dx 

f4fBia.'xdx = Y^f {sin. « — 2 cos. ij + -^-^f^dx 

e" sin. * , . 1 . 2 , _ 

= — - — Jsm. a? — 3 COS. rj + - e" + C 

2. To integrate 

^coa. xdx 

/e~oofl. xdx = - J Jo COS. X + sin. xl + C. 

3. To integrate 

e" sin.^ a: dx 

J^raa.^xdx = —Jsm.' a; + 3 cos.'* + Ssin-x — 6co8.«£ + C. 
(45.) We shall terminate the present chapter by lowing how 

To itiUgrale iht forma 

X siu.~' xdx,\ cos.~' X dx, &c. 
in which X is an algebraic timctioQ of x. 
By tqtplyiDg to the first of these eiqireBaioas the process of integra- 
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(ioD by parts, sin."' x being put for « aDd/Xix for «, we havei aince 

the foUowing formula, viz. 

fX aio.-" a; dx = sin."' xfXdx — J yy^^ '^'t 

which, since X is here supposed to be an algebraic function, reduces 
the proposed integration to that of the algebraic functions 






fXdx = X,, and J , ■ -a "fa- 

By applying the same process to the second expression, the integra- 
tion ofthia also will be obviously reduced to that of algebraic fonnsj 
and such would always be the case if, in the above expression, 
tan.^ X, see."' x, &c. were put for sin.-' x, because the difierentialfl 
of all these are algebraic fuDctions. 

(46.) We shall apply the above formula to one or two examples. 



SXAMPLES. 

1. TobtegiEte 

x'dx 

sin.~' X, 



VI— i" 
We have tirst to integrat< 



3^dx 



By referring to ex. 3, p. 41, we find 

hence, by substitution, the above fonnula becomes in the present 
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/■ x'dx I 2 



i+¥ + c. 



2. To integrate 

«" Bin.-' X dx 



Iso 

y. x^dx 11 2 

lence 

3. To integrate 

VT^T? Bm.-' a: 



/> x'dx 1 3 3 



a^ ton.-' X dx 

/^tan-'«d*=^tan.-'«-ij^-^ + log.(l+^)i+C. 

6. To integrate 

a!" sin."^ a: dx and a" tan."' a; dx 

- _ . , , 3r*-' . , 1 y "'^ ^ 

/aT Bin.-' a; d» = — -r— rsm.-'a: -r-rr /-■ . 

/i^tan.-'xdar=-^T— -tan.-"* t-t / . ,^ - 
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OBArTBH TZ. 



ON INTEGRATION BY SERIES, AND ON SUCCESSIVE 
INTEGRATION. 

(47.) Aa our object hitherto has been to obtain general rules and 
formulas for the integration of a differential expression, we have con- 
fined our attention to the principal of ihoae fonna which are com- 
pletely integrable. These, however, are very few, in comparison to 
those forms which the calculus in its present state furnishes no means 
of integrating in finite terms. We now come to consider this latter 
class of difierentials, and to show that the integral of any differential 
whatever may always be expressed by means of series. 

Integration by Series. 

(48.) Let X represent any function of x whatever, and put 
fS-dx = Fa: . . . . (1), 
then, by Taylor's theorem, 

^ ' •' ^ dx 1.2 dx' 1.2.A^ 

or, substituting x for the indeterminate h, 

FC,-,) = [Fx] =/Xd,_X, + ^ .^_ 

lAere [Fx] is what Fx becomes when x =0. Hence, by transpo- 
sition, we have 

/Id, = X,-§.j^ + g.j^-So. + [/Xd.]..(2,, 

wiiich is the series of John BemotUUi. 

From this general expression for the integral of Xdz it appears 
Aat the integration of every difierential expression, containing one 
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variable, mey aJways be obtained, although not alwaje in finite temu. 
The quantity [/Xdu] is obviously the arbitrary constant, being what 
the complete integral becomes when x = 0, that is, [/Xdr] = C. 

We have given this aeries of fieraouilli more with the view of show- 
ing the possibility of obtaining in every case an expression for the in- 
tegral, than for the sake of the utility of this expression in computing 
the actual value of the integral in particular cases. For such pur- 
pose it is obviously necessary that the series converge, which requires 
that it proceed according either to the ascending or the descending 
powers of the variable, which that above wUI rarely do, seeing that the 
several dilferential coefficients are functions of x< 

(49.) If, instead of the theorem of Taylor, we apply that of Mac- 
laurin to the function ( 1 ], we shall have 

/Xd. = [/Xi] + [X] . + [§] j^^ + l§^^,+ 

. &« (3), 

iriiich ia a series much more useful for the purpose in question than 
that just given. This, however, fails to be ^pUcable when x = 

, renders X, or -t—, ot-t^, &c. also 0. The term [/Xttr] is here, 

as before, the constant C, which completes the integraL 

(50.) Another modeof obtaining the developed intograiyXdr, and 
the one most frequently employed, is to develope X by the processes 
of algebra into a series of terms, such that, being multiplied by dx, 
«ach may be integrable separately ; then these series of integrals will 
necessarily be the development of/Xdx. In this way, vre may rear 
dily derive the formula (3), above, belonging to those cases where 
X may be developed according to the increasing positive and whole 
powers of X. For such development of i, by whatever process ob- 
tained, must of courae agree with that furnished by Maclaurin's theo- 
rem, that is 

X = [X] + [§].+ [g]j^ + ..o. 

Kow there are two ways equally obvious, in which we may reader 
the right hand member of this equation identical to the right hand 
member of (3) ; we may, as above noticed, multiply by dx, and inte- 
(prate each term, annexing the arbitrary constant C, or we may mul- 
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tiply by x, and then divide each temi by the number denoting ila place 
in the series, adll annexing the ccnstant C. 

(61.) This latter method leads us to remark, in paiising, that the 
developmeDt of functions by Maclaurin's theorem may sometimes be 
considerably facilitated by developing one of the differential coeffi- 
cients algebraically, instead of continuing to differentiate. 

Had thifl means of avoiding the trouble of differentiating occurred 
to us at the time, we should certainly have adopted it in developing 
laa.~' X, at page 37 of the Differentia] Calculus. For, by devel(^ 
ing by common division, the first differential coefficient 
dy _ 1 
dx l+x* 
we get with the greatest ease the series 

1 + Oa: — a" + Oi' + I* + Oa^ — a* + &c. 
and it merely remains now to multiply this seiiea by x, and to divide 
each term by the number denoting its place, so that, putting tan. y for 
X, we have 

S = tan. y — g tan.' J + s ten-' S — s ton.' y + &c. 

and in a similar manner may the developments of sin.~' 7, cos."' x, 
&c. be facihtated, aa will be farther shown in some of the following 
examples : 



BXAUPtES. 

(52.) 1. To determine the integral of 



m a senea. 
By division 

1 1 X , x' ^ , ^ 

a-T X a tr tr ic 
Multiplying by x, and dividmg each tena on die right by the numbor 
denotasg its [dace, we have 
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/l^ = f_^+^ ^+ &, 

Ja-\-x a 2o" 30= W 
We alreadj know, however, that 

= log. (a + ;r) + C. 



/a + x 



log. (a + ^)) 60 that, by meanB of tiiis first coefficient onty we easily 
get the developmeat 

log. (. + .)= log.. + j-^ + 3jr-j^ + &c. 

the first term of the development, when it proceeds according to the 
positive integral powers of 2^, being always what the proposed func- 
tion becomes when x = 0. 
2. To develope 

/dx 

By the binomial theorem 

Vl + i" 2 ^2-4 2 -4 -6^ 

Multiplying by x, and dividing the several terms on the right by 
1 , 3, fi, &c. on account of (he absent terms in x, iP, Sec. we have 



>/'nr^~*"3^ "''2 



'VI 

But (p. 30) 

/tTtp ^ '"«• ^^ + vTT^ +c, 

that is, the first differential coeflicient of log. (x + V 1 + x') is 
dx 
■ . I ^ by means of which we obtain the development 

log. (* + vTT^=a^a^^+2^»'- a.^^g.V +&c 
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3. To integiate 



by series. 
Sj the binomial theorem 



i- 1 1 • S 1 S-i 

7!^? = ' + 5 *■ + n «• + 2TJT6 ' + «"^ 
HultiplTiog by x and dividing the tenns by 1, 3, 6, &c. seretally we 
have 

/ ' ^ 1 1-3 1 -3 -6 



consequently 

Bia.-'x = x + ——a^ + - 



'2-3 
4. To integrate 

dx 



in a series of descending powers ofx. 
By the lunomial theorem 



</ !^— 1 ^i ,1 _i_ « "^ a*" "^ 2 • 4.' " 

2T4T6S* + «=^ 
Huh^lying by dr, and integrating each term, we have 
r ^ _ 1 1 -3 

but (16) 
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hence, by this means we obtain the developmeut 
1<^. (iT + Vi» 1 = First tenn + 



2 ■ 2i* a ■ 4 . 4x* 



■^1? 



As the series in this case is not according to the positive powers of 
X, it does not agree with Maclaurin's, and, therefore, the first term is 
not what the proposed becomes when * = ; we may, however, 
easily discover what this term should be. We at once see that by 
putting X = 1 the first member of this equation becomes log. 1^0, 
and the second becomes 

^- . . > 1*3 1.3-5 . 

F.rstterm_^-^-^-^-^,^.,^-&c. 

which must, of course, be also 0, consequently 



2-4-6.6 



so that we thus have the complete development of log. (x+V x* — : 
6. To integrate 

dx_ 
a» + 1 
in a series of descending powers of x. 
By division 

Multiplying by dx and integrating we have 

bence 

tutrix = Firtttemi + =-= — —^ + =-=- — Sec. 

« 3*" S** 7r 
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To detennine the first term we may remark that irtien » = w . 
tan."' * =^ -, HO that the development above then becomes 

2 ~ First term, 

the first term is therefore Ihus determined. 

The preceding examples will serve to show that fimctioDa may 
sometimes be readily developed, by first developing the difierential, 
and then integrating each term separately. 
6. To determine the integral of 



-dx. 



This differential cannot be integrated by any of the fcamulas in 
the preceding chapter : but, since it may be written 
dx 



^/l — ;^- 



V 1 — «» r". 



it is obvious that if -/ 1 — e" ar* be developed in a series of ascend- 
ing powers of I, the development of the proposed will be a series of 
terms all of the form 

and are thravfore all integrable (25). 
By the binomial Uieorem 

VT^TT? = 1 - i.-.-H- 2^4 ••''-5^ <••• + &•=• 
and multiplyii^ by 

dr 
VI— a*' 
and then, integrating each term, there results 

, 1 .,1 _-, — 1 - , . 
+ a •'la* V 1 — «•— ^«n.-' *t 
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' a • 4* "■4* 2-4 

+ &c. + C. 

7. To deteimine the integral of 

1— *• 
By dirision 

jij =I+i + i' + i" + Sc (1), 

also {Diff, Caic. p. 31,) 

«■ = 1 + ilog. a +~i'log."a + jij I" log.' o + ac (S). 

Multiplying (1) and (2) together, we easily get 

1^ = 1 + (1 + log. o) .+ (1 +log. a+!2^)i-+(l+log.« 



Y^^ = «+ (l+Iog.«)Y + (1 + log-'i + -^)-3 + 
log.* a , log.' a, J^ 

(1 + log. ■'+\' + -jTT ) T + «'°- + ''• 



by series. 



/ ' ax J^it I * . 



3»" 



3-6*' 
!1.4.6-7-4 + «>»-l + C 
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9. To integrate 



b^ series. 

1 -3 -6 3? 
2-4-6-7 --8 +«"'-i + ^ 
= log. C (a; + 1 + s^Sj; + *■) (ex. 12, p. 32.)' 

10. Todetennine 

J log. y ' 

1^ 

1 •2- 

11. To integrate 

(a + 6j!") ^ a*-' <fo = 
when it does not satisfy eilher of the conditions of integrabilify, 

/{a + 6T")''ar-'dx = 

'm^9«m+n^ l-2gV m + 2« ^ '^•=-* + ^• 

12. To integrate the same form in a series of descending 
powers of a;. 

Potting the differential under the fonn 

(ft+iL)* X ' dp, 

and deretoping the first factor bj the binomial theorem, we find by 
iat^iBting each tenn 
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+ &c.i + C. 
•Succesnre Integration. 

(63.) In all the foregoing examples, the first diflerential coefficient 
ia given to determine the primitive function from which it has been 
derived; when, however, it b not the firat,but the nth differential 
coefficient which ia given, then bj a first integration, we shall arrive 
at (he preceding or » — 1th differential coefficient; by a second in- 
tegration we get the n — 2th coefficient ; and, hy thus continuing the 
integration, we at length arrive at the original function. As each in- 
tegration introduces a constant, it follows that the complete primitive 
ought to contain as many aibitraty constants as it has required int^ 
gratioiiB to obtain iL 

Let y represent the piimitive fiuctioni x being the variable, and 
put 

bencct by integrating, we have 

Again, fit>m this last equation we get 



and, by integrating, 

In like mamier, from this we obtain 



^ =/X, dx+/C,dx = X, + C,x+Cr 



and integrating 

^ = /X,<i«+/C..<ir+/C,d* = I. + C, :^ + C, X + C 

and, continuiiig this process, we have, aAw n integrationB, 
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"2-3. ..(B—S)"' 



The first term X. of this ecriea is the nth integral of XtiiT, without 
file arbitrary comtanls ; the remainiug' part of the series ia what 
ought to be annexed to ever; Buch integral in order to render it com- 

(64.) We ma}' readily obtain the development ot/'Xdx as fol- 
lows ; By Maclauria's theorem, 



^-E'l-2. ..{„+!) + [3?^ 1-2. ..(» + 2) + *"• 
in which 

[/Xd.], [/TCi,?] IJ-Xdf] 

are the constants C„ Cg C„. 

It appears from this formula that when f\dx ia developable 
according to the increasing positive whole powers of x, so also ia 
f^Xdaf, and that in such cases it is nearly as easy to determine by 
thia fonnula the complete integral of/'Xrfx" as that of/Xdi ; it will 
be necessary merely to develt^ X according to the increasing powera 
otx, as in the former parts of thia chapter, and to substitute for z°, 
s, X*, afi, &c. in that development, the quantitiea 

ar ^ ^ a^ . 

1-2.... n' 1-2...(«+1)'3-4...(»+2)'4-5...Cb + 3)' 
Minniriii g tli6 temui Containing the srbitntiy constants m abovA ex- 
hibited. 
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EXiMPLBi. 

(6fi.) 1. Todetennine 

B7 the binomial fteorem 

and if in this series we substitute, agreeably to the abore directions, 
■Dstead of a^, 3^, af, a?, &c. the quantities 

-^ -^ , £_, ^ , &c 

l-2-3-4'3-4-6-6'5-6-7-8 7-8'-9-10' 

we shall h&TO 



Vl+a* 2'3-4 2-3'4-6-62-4-6-6'7-8 
1 • 3 ■ 6«» 



- + &C. 



a-4-6-7-8-9-10 

2. To determine 

fan. xds^. 
By actually integrating, omitting the constants, 
/sin. xdx = — COS. x 
/' ma. adr* = — /cob. xdx = — sin. : 
f sin. xdx' = — /sin. xdx = coe. a; 
hence, completing the integral, 

/^ sin. ^dr" = cotf. « + C. ^ + C, * + C,. 

3. Required the curve whose equaticMi is 

Here X„ X« X„ \„ (art 61,) are each 0, therefore 
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hence the curve is a paiaboLa af the third order, or else ime of its 
varietieB. 

4. Todetemune 

Decomposing the ftuctioD, we find 

i" — o^ 2a? 1 



(js' + «")" (a^ +0")" ar" + a"' 
multipl^iog by dx, and integrating, we have (13) 

[i? + a")" ?+^ "^ Jx' + a' 

and adding 



"Jiy + 3?f o^ + o* • 



= J log. (s* + o») + Cx + C,. 
5. To determine 

/* COS. at (tr*. 

peoB.xd3* = COS. a; + Ci ^^ + C« ^ + C, « + C^. 



6. Tod 

7. Todetenhme 



/* 



13 
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OBAPTSB Til. 

ON INTEGRATION BETWEEN LIMITS, AND ON THE . 
SUMMATION SERIES. 

(66.) In the practical applicatioas of the calculus, it ianottbe 
general, or, aa it is usually called, the indefinite, integral that is uld- , 
mately required, bccauae here the cooatant which completes the 
integral is indeterminate, whereas, in every particular inquiry this 
constant has a corresponding particular value, thus rendering the 
integral dtjtnile. 

ITben the indefinite integral is found, it ia easily rendered definite 
by the nature of the problem, which always fixes a limit or origin ta 
the integral, that is, it ia known to become for some known value 
of the variable, and from this circumstance the proper value of the 
GODstant becomes determinable (3), The integral is, indeed, in most 
cases entirely limited by the nature of the problem, being comprised 
between two given values of the variable x = a,x = b; so tlmt, by 
substituting these values successively in the general expression, and 
taking the difference of the results, the arbitrary constant becomes 
eliminated, and the remainder, which is entirely definite, is the value 
of the integral betwen the proposed limits. Thus the general or in- 
definite integral otx^dx i» 
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but, if this be required between the limits x = a, x = b, m shall 
have to take the difference between 

__ + C.nd_^ + C, 

and we express the result of thia integration between the limits a and 
frduu: 

-6-" 



/: 



jTdx = — - - - 
m + 1 



the limit b, ClUTespoiiding to the value which is subtracted, being 
placed below Ihe other limit a. 

If 6 be the tvigin of the above general integral, <v the value of x for 
which it vamshes, then, since 



.■.C=- 
•0 that the definite integral ia 



we shall ^ve an example or two, in which integration betwera limits 
will be required. 



EXAMPLES. 



(57.) 1. It ia an important question in mechanics to determine 
flie time which a heavy body will require to fall through an arc of a 
vertical circle, that ia to say, from a proposed point of departure to 
die lower extremity of the vertical diameter. If a represent the ra- 
dius of the circle A, the height of the puint of departure, and x any 
variable intermediate height from to h, we are led, by the laws of 
motion, to an ezpressim for the differential of the lime containing the 



^[2ax--x')(,h — x) 



thia therefore must be integrated, to obtain the time Bought. It i 
not, howevM, integrable in finite terms, but by writing it thus 
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— - f 1 — Y^ 

V2a{hx — g^^ 2« ' 



m at once lee that, if the second fkctor be developed in a sedes of 
aaceoding powers of x, the proposed differential wilt be reduced to a 
aeriea of others, all of the form 

jTdx 



which is an integrable foim. 
Therefore, developing by die binomial dieorem, we have 

f* - 2^5 = > + 2 2; + 2^ 4?+ 2TTT6 8? + &«■ 
and multiplying each term of this series by the other &ctor, we have 
this series of integrals 

/■ d* 2 h 

■ — = TVOT8iD.~'jtQrad]us- + C 

^dx aJ'^fti_i« 5fc y. 4*rf* 






'VA*— «* <* ^•'■/hx—3? 

&c. &c. 

By the question the limits of these integrals anx = 0,x = h\ we 
have, therefore, 

-. I'd! l-3f 
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/^ dx 

;?lS J> + ^i' 2S + (2TI)' 2^ + (gTITfi)' ^^ + ^'^■i '• 
2. To detennine 

y " v* 1 — a^' 
By taking the dtfiereace between the two values of each integral 
at pages 42 and 43, for the values x = and x = 1, we have 



^, a r'Jr _1 » 



^, I'da 2-4 

^, j^Ae 2 •4'6 



or, referring to Qie general expreasi<>ns at pages 42 and 43, we have, 
when nt is an even number = 2n, 

J ■> ^T^'^ " 2 • 4 ■ 6 ■ 8 2» ' 2' 

and) when in is an odd number ^ 2n + 1 

„_ x>^'dx _ 2 - 4 ■ 6 • 8 2« 

y VT^^ ~ 3-5-7-9..(2»+l)- 
If n is a number infinitely great, then will 

y • V 1— a^ ~y •VI— a"' 

bencB) by division. 



2 '4 -6 -8-10... 




3-5-7-9- n 


1 •3-6-7-9 


. . * 
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and, couequentlj'. 



r 3-5-7-9-11 _ 2-2-4-4-6-6-8-6.... 

2 ~ 1 -3 -5 -7 -9 ~l'3-3-6-5-7-7-9-9.. 

2-4-6 -8 ■ 10 

a remarkable enpTesBioD for the rectification of the circle first giveo 
hy fVoBia. 

Modem Eoglisb authora frequently put the above expreBsiou of 
WaUis in a very improper form, by writing it thua r 

2' • 4' • 6' ad inf . 

1 • 3' • e= . . . . ad iuf.' 
ordius: 

2"-4»-6» adinf. 



S'-S'-T". . . .adinf.' 
neither of which ezpresaioiiB can represent the quadrant of a circle, 
fix the first ia infinitet and tbe second Is 0. 
3. To determine 




WW--^ '■ '2' ■'2-4- -a-iel'+^^l'- 



. To determine 



/: 



/; 



. J , _,i= ii-(S>^(jTi)'-(jTTTe)-+Sc.!5. 

In the foregoing examples the integral between the limits is obtained 
from the general integral previously found. But series have been 
determined for approximating to the value of the integral between 
limits without first finding the general integral. The investigation 
and appUcation of these series, although an inquiry of considerable 
importance, cannot be with propriety fully entered into in an elemen- 
tary treatise like the present ; we must therefore contait ourselves 
with referring the inquiring student to more extensive wmIu <mi tbe 
CakuluB) as the large treatise of Laeroix, the second volume of 
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Jepkton't JiTunonai Caleuliu, and JVf. Levy's able article on the In- 
tegral Caicutus, in the Encyclopadia MetropoHtana. 

(58.) We shall occupy the remaining part of the present chapter 
vith a few example'^ of the application of the Integral Calculus to the 

jSumtnofton ofSertM. 

1. Required the sum of the series 

» = X + 2j» + 3r» + 4a;' + . . . . tw". 



a— = dx+2xdx + Zx'dx-k- . . . .tuT^dx. 
IntegratiDg this 

/»^ = r + 0^ + ^ + .... + ^ = ^^:^^ + C 
The differential of this equation ta 

dx _ dx~{n+ l)a-itr + tM-'^ 'Ac 

&om which there results 

_ (j; — n + 1) x-^' + nar" 

S. Required the sum of the infinite seriea 



• 4 • 5 • 6 ■ 7 (» -f 7) ^ 
Since (iJiJ. Cak. p. 31,) 



2 2-3 2-3-4 2*3-4-6 

-*=1„ +^ t^ + -t »■ 

* * 2 2-32-3'4 2-3-4*6 

we have, by taking half the difference, 

a" 
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hence, multqiiying hy s^* dx, and integrating, we haye the following 
expression for the svun of the proposed series, viz. 

i/^.>-<fc-i/.-»r'J,= 



»+l a-8(ii + 3) ' a-3'4-5(n+8) ' 

2-3.4-5-6-7(« + 7)+*'^ = •• 
But (30) and (31) 

\fff^'dx = I «• J«- _ («_ 1) y-« + 

(» — 1)C» — 2):^^— &o.| 
i/e-a^'/b = - i f- i^e- + (« _ 1) ^ -(- 

CMisequently 

,= le'Ja*-'+ (»— l)s-^ + (B_-l){a — 2)af-» — &C.J + 

i e- Jar-» + (n — 1) ar« + (« - !)(» — 2) a--» + fccj 

Suppose n = 2, and k = 1, then tiiis equation gives < = e~', there- 
fore 



! 2'71828--- 3 2-3-6 2-3-4-5'7 

}. U&c. 

2*3-4-6-6-7.9^ 

3. To determine the sum of the infimte series 



Let each tenn of this series be midtiplied by the correspmding 
term of the series 

and we shall have the new serias 
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vMch agrees with the pr<^sed, wheo a; = 1. 
By difierentiadug this, we get 

qdS = r~'dx+ x~'*' dx + x~»*' dx + Stc. 

= (1 + * + *■ + *»+«* + &c.)*'*d* 

1 — X qJ I — X 



G(»isequontl]r 



= '/":t^<' 

qJ 'l — X 



irttich is a general expression for the sum of the aeries, x = being 
the origin of (he integra], or the value for which it TBniBhes. 

Suppose j> = 0, then the above integral is - log. = co ; boice 



whatever be the finite value of q. 

4. To determine the sum of the infinite series 



By proceeding as in last examplei we find 

■2 x^ 

qd8 = {l—x + 3» — ji> + 3*-~-Sec)x'dr = j~ 

...S=l f^dx.:, = l fl^dx. 
qJ I + X q-J * 1 + X 

If we suppose p = 0, this integral is -log. 2, therefore 
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which we slready know from other priociplea. (See the Essay on 
Lt^srithmB, p. 3.) 

G< To detemime the sum of the iofinite series 

'^ ip + q)" 

Iiet each term in this series be multiplied by the conesponding 
term in the series 

-+l '+» -2+3 „ 

«« ,1' , ** , Sic. 
and we shall Jiave the new series 



{p + q)M {p + 2q)m* {p + 3q)m' 
which will agree with the proposed, when j: = 1. 
By differentiating this we have 



qJm :f X 



m ± X 

• $=- r* '' Jr 

qj ' m 7 z 

6. To determine the sum of the mfinite series \i4iose general 
tennis 

1 

(p + ^«) (r + «.) (( + t«} &c.' 
tt being the index of (he term, or the number of its place m the aeriea. 
By examples S and 4 

_ 1 /. «» J «'» ' a*" ' , *'* , , 

Xi^— / ' ai:== ±-— — + ± Ik. 

5^1^* p + q P + 29 j» + 8<( 

HnltiplTiiig this equation by 
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and inlegratiiig, we hare 



(P + a,) (r + 2.) 
Multiplying this by 

X' ' dtt 
and integrating, we have 

Xi = -y X,;f" ' dx = 



(? + !)(•■ + ■) 



(? + !)(' + ■)(' + «) ■ 
+ &c. 



(P + 29) (r + 2.) (1 + 2«) 
and, by coDtinuing thia procesa, we shall obviously at length have, 
afier m integrations, and expreaaion X^ for the sum of a series of the 
kind proposed, of which the denominatot of each term has m factors ; 
observing to take the final integral between the limits x = and 

If there are but two &ctors in the denominator of each term, that 
is, if the series ia 



then the general expression for the sum ia 



J 1 ^ * 



vbieh, by integrating by parts, beeomea 
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f- dx /-- dx. 

Now for * = 1 the coefficient of the first of these integrala becomes 
the Bame as that of the secoad ; hence, between the limits x =^ I 
and z ^= 0, we have 






When this general formula is applied to a series whose terms are all 
positive, then, it ma; be observed, the sum will be expressed purely 

a]gebraicallj provided be a whole aumber. For, putting 

• 1 

= m, the formula becomes 

qma J " 1 — ^ 
v\asAx ia obviously algebraical, when m is a whole number, since 
1 — af is divisible by 1 — x (J/g-. p. 162.) But, if the signs of the 
terms are alternately positive and negative, then, that the sum may 
be algebraical, m must be an even whole number, for in this case the 
formula is 



-/: 



(1 _ jT) a;' 



dx. 



and 1 — x" is not divisible by 1 + x, unless m is even. 

We shall now apply the general formula (A) to one or two particu- 
lar cases, where the summation cannot be effected in algebraical 
terms, because, when the series is summable algebraically, the new 
and easy method explained in the Algebra is, we think, preferable as 
well on the ground of its greater simplicity as of its greater generahty. 

Bequiied the sum of the infinite series 

irtiidi agrees with the proposed fbim. 
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Here p = — l,q = 2, r = 0, « = 2, and for these values the 
foRDula (A) becomes 

' = 2/1—^^' 
OT, putting y for x* 

Required the sum of the series 

' "^ IJ- 4 2-53 
Hetep = 0, 5 = l,r = 3, 1 = 1, eothatin thiscasetheformu- 
lais 

' aJ «i + x~3J ^m**^' 

tiie general integrals are 



■■■. = ^kg.2--. 

Jtequifed the Bum of tlie infimte series 

'-n-r-s + n-""- 

Here p = — 1, g = 2, r = 1, » = 2, therefore the ftvmula ia 

•-4/ •TTT~4y "irri**"' 

or, putting (f for it* 

= * r- *% y + 1 ri <^y 
sy •! + s» 2 2J M 4-s' 

*l+j^~2~4 2" 
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We migfat now proceed to deduce the geaeTal ezpresuon for the 
series, when there are three fectors in the denominator of each tenHf 
And then when there are four factors, and so on ; but all this would 
occupy much more space than can be devoted here to these matters. 
We must refer, therefore, fortheae particulars to Clarke's translation 
' of Lorgtut'a Method of Series. Without, however, deducing formu- 
las for the summation of the various classes of scries, included in the 
Tei7 comprehensive form proposed in the present example, we may 
obviously apply at once to any particular series the process of Lorg- 
na, above exhibited, and it is this indeed that is usually done. Let 
it be required, for instance, to sum the infinite series 

^ __l 1__ , 1 _ . 

1-2-4 2-3-5 3-4-6 *^' 

Here we know that 

Multipljing b^ dx, and integratiiig. 

Multiplying by xdx, and integrating 

Kow, by the integration by parts, 

(.+ I)log. (1 + .)-. 
.-. X, =/» (x + 1) <l« . log. (1 + ») — /.-ic = 



J '■3 ^ a'l + i 



= (V + i-5)l»s<"+')-T-B + i- 

The resuHa of these integrations need no correction, for they all va- 
nish when X ^ 0,aB they ought, since then Xi, Xj, Xj, are each 0. 
For z = 1 die last expression becomes 

a ^ afi' 
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which U the sam of the proposed series. 
We shall now pass to other methods. - 

7. Required the sum of the infinite aeries 



4' ■ 6 4= • 6' • 8 4' ■ 6» ■ 8' • 10 
By example 2, page 92, 

- , afr*^ _ 1 -a-S (2»— 1) * 

y • ^l — i? 2 • 4 • 6 2» ■ 2 

Hoice, if we assume 

* _ 2 -3 ., x*dx , 2-3-5 ^ ^ dx 

■5-7 - ^dx 
'V~i 

and take the integrals between the limits x = and * = 1, we sludl 
have the sum of the proposed series equal to i. 
By differentiating we get 
2 -Sx* 



3 - X/'dX ^2-3-6 ^ X"(U: , 

*-6-8-ioy^-i-zr? 



;^/l-^ = 



2 dx "^ 4-e 4-6-8 4'6-8'10 

or, multiplying by a^, and dividing hy 4, we have 

2' de' 4 2-4-8'2-4-6-8' 2-4-6-800 ' 

but we know that 



^l_;r"=l— - 



2 ■ 4 2-4-6 2-4-6-8~ 



2-4 •6-8-10 
hencB) by addition, 

2 di 4 + ,/l-x'-l-2 2-4* 

and, consequently, 

«■ _ 4(tg 2(fa: J* da; 4<fa: 

a ~ a^ ^^1_*= ~ VI— «" ~ 2V1— a* " •" ' 
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theFefore, iotegrating the differentulB on tbe rightt we find for Hbm 
mm tbe expres&ioD 

4 — 4V 1— i" I ... 1 

' 2~ sin.-' T + -xVl—ie^ 

which between the proposed limits X = 0,x = 1, gives 

5, = 4-i.|.-.. = ?_2j = -29M79 

This queatioD is taken from Leyboum't Repository, No. 20, and the 
following elegant solution to it is given by Mr. Mamn, in No. 22 of 
the same valuable work. 
By development 

Sf ultiply by dr, and integrate, and we have 
Mn.-" x = x + — 



2-4-5 2-4-6-7 
Multiply this by ' — , and take the integrals on both sidea be- 

tween the limits x = 0, z = 1, and there results 



2»-4»-6 



r ^^ 4' ■ 6 "*" 4' ■ 6" • 8 "^ 4" ■ 6» • 8" . 10 "■ 
8. Required the sum of the infinite series 

\ I ' . 

l"-8»-6* n' ^ 3" ■ 5^ • 7" (n + a)'^ 



6" • T" • 9' (« + 4)' 

» being any odd number whatever. 
By (34) 



,+»«. 
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/" . . 2 •4-6. .. .»— 1 
, sin." xax = — - — - — c , 
* 8 • 5 -7 n 

Hence, if we aasiime 

^ /s\nrxdx /aa.-^xd£ , 3'/ sin."^ x dt 

* 2-3-4...n 2 ■8-4 (» + 2) "^ 2 • 3 -4... . (n +4) 

+ 2-3-4... (n + 6) + ^'^ 

■nd take die integrabi between thelimitaz = o, x = --, (wiUbothe 

«im of the (vopoBed ssriea. 
By difierenliatiiig, we get 

di sin." X ain."** x ,8' sin."**« 

di ~ 2-3-4...B 2 ■ 3 • 4 ...(»+ 2) 3 •3-4 . . . {»+4) 



T + &C 



2 ■ 3 • 4 . . . (n + 6) 

mod iTwe differentiate thia result n — 1 times successivelj', we shall 

«, have 

^^-it^'s t- , Bin.' at 3' sin.'* , S'-^Mn.'* 

(T^f-r-l ^ Iran, a; + H 1 

W *a-3 2-3*4-6^2-3-4-6-6-7 

+ &c- 1 (d ain. *)""". 

Now the series withm the brackets is known to be equal to x, {Diff. 

Cak. p. 3B] ; hence, by integrating, 

■^=/"-'x((lBin.«)"-' 

.'. » =f ,/^ X (dan. x)"-" dx, 

iriiich is the general expression for the sum of the proposed series. 
Suppose n =1, then 

Ajain, let n = 3, then 

t =?y ./■ * {dBhux)' dx =J',J{xma.x + 

COB. X — 1) d sin. « ds = 
14 
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/■: 


(i..k 


.'^ + i 


ain. X coa. X + i X — an. x) dx = 










j(|-)--5 








hi^ 


1 

2 


1' . 3» 3» • 5» ^ 5" 


Hi + «"=- 


ud 


BO or 


.* 










9 


Required (he sum of the iofimte aeries 





.=i._21og.2. 

10. Required the sum of ihe infinite series 

* . 1 , „ 1 

'=i2+-T'°e-2-5- 

11. Required the sum of llie infinite series 

2-2 3-4^4-8 
« = 1 = 2 log. 2 — 2 log. 3. t 

12. Required the sum of the infinite series 



■•4" 2»- 4' -6' 2" •4" -6* -8"- 2' 



• 4' • 6' - 8" - Iff" 



27» 



* The mode of solution employed in this sad in the fbnuer example, and which 
conaiBtB maiiil; in assimilating the proposed series to a series of integrals, takm 
between limits and multi[died by constant factors, is of extensive application, 
and wilt be found to succeed in manj classes of series too complicaled to be rea- 
dily summed by the usual methods. It is proper to mention here that.tfr. WoaU 
hauieol^orth SAteU), was the first, as far as 1 know, who applied this very gene- 
ral and elegant method to series, and that the above example was proposed by 
him in the Ladiea' Diary for 1830, shortly after the publication of which I fbrwaided 
the above solotion to the E^tor. 

f For the summation of a great variety of other series, see Ciarke't Irmutaticn 



iM,Googlc 



•na IlfTBflRAL C&LCtJLtTI. 



ON RECTIFICATION, QUADRATURE, AND CUBA- 
TURE. 



OBAFTBn X. 

ON THE RECTIFICATION OF PLANE CURVES. 

(69.) It haa been shown in the DJfierentiat Calculus, page 126, that 
if s represent any arc of a plane curve, then 



K and y repretenting the coordinates of one of its extremities. Hence 
to detennine the general relation between t and Xt we must integrate 
this expresuon, so that 



=/X 



or, if we interchange the axes to wiiich the curve is referred. 

Either of these espresaions may be considered as a general formula 
for the length t of any arc of any plane curve, referred to rectangu- 

^Largna; WrighPi SalvUaiu to tht Cambridgt PrebUmi, vol. 1; and Youug't 
Trtatut on J^tin. 
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ly dependent on the equation of the curve. 

If we take any proposed curve, and substitute in either of these for- 

mulaa, instead of the general symbols -p, -y-, the particular function 

ofx or of tf, given by the equadou of this curve, tiie expressions for ■ 
will then become less general, since they will be restricted to the arcs 
of the proposed curve; but they will still be indefinite, since nothing 
as yet fixes the arbitrary constant which each involves. If, how- 
ever, we fix upon any point in the proposed curve from which the arc 
is to be measured, then we at the same time fix the value of the con- 
stant, for at that point « = 0, ao that the expression for » belongs only 
to the arc commencing at the given point, and terminating at the 
point (x, y). 



XXAHPLKB. 

(60.) 1. To detwmine the length of an arc c^ a parabola mea- 
sured from the vertex. 
The equation of the curve is 






-dt 

and. by (17), 



, _s , xV j*-t-4m>_4m'log-.(T+%/^a:'+4n^) 

/ ^ y* + 4m'. dy= s + 2 



-HC. 



couwquenfly 



y V jj* + 4ot* 



4- m log. (y + Vy' + 4m») + C. 



Since the arc commences at the origin, therefore when jf = 
thatis 

= m log. 2to + C 
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.t. c = -^ « log. 2m 

••••= — 4;r— +">°8-J i^ — i 

«4iich expresses the length of any arc of (he pambola measured from 
the verteit, in terms of the ordinate of ita other extremity. 

If instead of being supposed to conmenoe at the origin the arc 
commenced at a point of which the ordinate is 6, then the constant 
would be determined by the condition that » = when y = b, which 
condition would give 



C = — \ — +ffllog. (6+ v'6»+4m')| 

o that the length of any arc meaiured from the point y = bia 



b+ v/6» + 4»rf 
which. w4ien 6 = 0, becomes identical to the foimer expression, as 
it ong^t. 

It appears from =tiHS examplednt the length of any arc of the com- 
mon parabola may always be expressed in finUe tenns, although the 
arc is not in strictness rectifiable, since the expression for its length 
involves a transcendental quantitr, which cannot be expressed nu- 
merically in finite terms. There are, however, an iniiniee number of 
parabolas of the hi^er orders which are completely rectifiable ; we 
shall determine the general equation of these in the next example. 

2. To determine the class of parabolas which are rectifiable. 

The general .equation of parabolas of all orders ia 

J- =«•.-. 5; = ^ a" x" 

....•-/jn5.^=/i.+^.= ;--i*- 

By referring to the criterion (19), we find that for this mtegral to be 
irtiolly algebraical and finite, we must have (he condition 

1 -r~ 2 ( 1) = a pmitive whole number. 
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therefore, calling this whole number v>, we have 

— = L!L^ 
nt 2w ' 

80 that the curve will always be rectiJiable when one of the exponents 
is an even number (2ki) and the other exceeds it by unity, or when 
they are equimultiples of such niunbers. 
3, To rectify the circle. 
The equation, accordingly as we assume the origin at the centre 
01 at the circumference, will be 

!/" = r' — x" or j» = 2rT — a;*, 
and the expresaicm for a will therefore be either 

/• dx rt dx 

both of which involve circular arcs. The circle is not therefore a 
rectifiable curve. Either of these integrals may, however, be de- 
veloped into a aeries, and thus an approximatioii to the circumference 
obtained, but a very convergent series for this purpose has already 
been investigated in the Differential Calculus, page 39. 

(61.) 4. To rectify (he ellipse. 

The equation of the curve is {^nal. Geom.) 



•''dx 


■J^ — 


1 


-f^'^% 


— 1 


&, 


3f being put for 






-f^- 




<!>'. 



This integration cannot he effected in finite terms, but the integra- 
tion by aeries has aheadybeen given at length at page 83." Suppose 
a quadrant of the ellipse is required, then the arc to be rectified com- 
mences where x = Q, and terminates when x = a% and between 
these limits the series referred to becomes 

a'' 2-2'^ r^2Tr4^- a.2-4-4-6 ^^~^''-i' 
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which, therefore, expresses the leogth of the elliptic quadrant, - being 

the circular quadrant whose radius is a, the semi-major axis i^the 
ellipse. Hence the whole periphery of the ellipse is found by multi- 
plying the circumference of the circumscribing circle by the series 
within the brackets 

Suppose, for example, it were required to find the periphery of the 
ell^)se whose semi axes are 12 and 9, 

• 4376 



Then the second term. A, = 
third B, = 

fourth G, = 

fiilh D, = 



sixth 



eighth 



E, = 





4 


35* 




•4 




5s* 




6 




7^ 




8 




ei' 


10 


•10 




n^ 




- 12 




13r' 



F = 



' 00164 
■ 00039 



00001 



Sum = - 120S3 
and this, taken from the first term of the series, 1, leaves . 87947 
which multiplied by 3 ■ 1416 X 24, the circumference of the cir- 
cumscribing circle, gives 66 • 31066 for the periphery of the pro- 
posed eUipse. 

The foregoing series for the rectification of the ellipse, which is 
that usually given, is not so convergent as might be wished when the 
ellipse differs but litUe from a circle, in which case $ dlfiers but Uttle 
from unity. We shall here, therefore, investigate another and more 
convergent series for this purpose. 

If a circle be described on the major axis of an eUipse, and the 
ordinate of any point be produced to meet the circumference, then 
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the abseissa x of the same point will be the co«ne of the ai^e sub- 
tended by this liite at the centre ; hencQ, calling this angle e and fairing 
the tabular coHoe, we have x = a coa. ip ; hence 



•* a a coa. 9, 



\/0* — ^ Vl — COB.' 



d COB. fi =: — sin.fdf ^ — VI — coe.'f . d^ 



or puttkig lor cos.^ ita eqtral i + i coa. a<p (Laeroix'a Trig, ait 27,) 
the expression for the differential of the elliptic arc becomes 



— a Vl— y— -2-c0s.29.ti1p, 

of which the integral will be*, the length of the arc This expies- 
eion will take a convenient foiin for development if we determine a* 
and b', so diat it may be identical to 



— a >/a'* +6" — 2o'6' cos. 2^ . d^. 
The equatione for determining a' and 6' are 

^ ^h- = 1 ■~^wA2<£b- = t^ 
whence 

a'+6' = l,a' — 6'= •/ 1 — b" -•- a' = 
1 + V 1 — !» ., 1 — V 1— s* 



We have then to devel(^ the expression above in a aeries of tenna 
convenient for integration. Since {Diff- Coic. p. 32,] 

2 coB.(i = e*-/" + e-^-'~, 
it fellovra that 

a' + t"* — 2o'6' COS. ip = (0' — be*-J~) (a — b«-*''~) ; 
therefi»%, developing the nth power of each &ctor by the biooinial 
theorem, we have for 

(a'» + fc-a — 2o'i' COB. If)' 
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tiie produet of (be two series 






1 •2- 
iriiich product we find by putting 2 cos. m^ for its equa] 

tohe • 

* ^ a" 2" o" ^ 2»-3» a" 

feci — 

+ &c.{ cos.q) + 

Pcos.2ip + Qcoa.3ip + Rcos.4qi + &c.; 

hence, multiplying by — d^ and taking the integrals of the seveisl 

teims between the limits 9 = * and (p = 0, all vanish but the first 

tenn, the integral between the proposed limils being 

+ kcj 
tketefire when s = i v« have for the semi-petiphery of the ellipse 
the series 

1" f 1> • !■ 4' l'l'-3- 4' . , 

The coefficientB in this series obviously converge tastw than those 
in the senes first given, and moreover 
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b 



_l — </ 1 — 8* 2 ^/ 1- 



- + 1 



« 1 + V 1 + t* 
is necessarily always smaller than b. 

The foregoing investigation is taken with slight modification from 
Mr. Ivory'i paper on the Rectification of the Ellipsis in the Edin- 
burgh Phil. Trans., vol. iv. 

A series for the rectification of the hyperbola niay be obtained in 
a similar manner. 

(62.) 6. A given circle rolls along a given straight line alwa]rs 
remaining in the same plane ; it is required to determine the length 
oFthe track described by any point P in its circumference? 

The curve P, P', P ", F", thus generated is ctdled a cyclotd, and 
in order to determine its length we must first find its differential 
equation. 

Let P'T, F'T be the axes of re- 
ference ; then, taking any point P"in 
the curve and the correspanding po- 
sition of the generating circle, it is 
obvious that the straight line MP'" 
must be equal to the arc MP" ; hence, 
calling the tabulai angle corresponding to this ate U| we have 
P-TS = P'"M — NM, 






• = ™— -'i"-" (»)• 


also 


P^N = CM — CD 




j = ,_rco..u (2). 


From (1), 






4r=(r — rco..»)il» = vd». 


liom(2), 






*| = rmi.„d» 




-i-'-^. 
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but rinco by the circle r mo. u or P"D is equal to ^ Zry — y', we 
hare, by substltutioa, 



^ = ^irzt ^ J ^*-— y 



for the difierenlial equation of the cycloid. Hence 

= 2 ■/2rj + C* 

Considering the curve to commence at P"' we have < ^ when 
jr = . '. C =0. From the commencement P"' to P' the middle of 
the curvOf and at which point y = 2r, we have i = 4r, so that the 
«4kole length of the cycloid is equal to 4 times the diameter of its 
generating circle. 

The equation of the cycloid in terms of x and y is very easily ob- 
tained as follows : 

Y"N = P"'M — P-D = sin.-' F'D — P"D, 
that is, WDce P"I> = V2ry — y', 



X = sin.-' V 2ry' — j" — V 2nj — y", 
or, which is the same thing, 

X = verein."' y — \'2ry — y*, 
the radius of the arc being r. 
Again 

P"N = DM = r— CD = r — cos. MP", 
ttiat is, fflnce MP" = DP" + NP™, 



y = r — eos.{y/2ry — y' + x), 
which is another form of the equation, and either of these being dif- 
ferentiated will furnish the same differential equation as that above. 

If the origin of the coordinates be atP', the vertex of the curve, the 
axes being PT, PQ, the equation is found with equal ease, for since 
the ordinate NT', which Is always negative, is 

N' P" ^ FC + CD = — r — CD, 
and CD = —COS. FP"; but FP'' = FP' or MQ, since the whole 
araniciicle is equal to P"'Q or YP', also FP' = N'F — N'F; hence 

• Sm Note (6'). 
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N'F' = — r+ WW. (N'F— N'F) 



y = — r + COS. (x — ■/ — 2ry — j*). 

In this equation, r is of course negative for that half of the cycloid 
to which our reasoning here is fq)pUed, and it is positive for the other 
half. 

It is a curious property of this curve that its evolutfi consists of tvo 
inTerted semi-cycloids, each equal to half the proposed cycloid. 1( 
is worth while to prove this. 

Representing as usaal -r- by p', we have, by difierentiatii^ (he ex- 
pression (3) with respect to x, 

ds 'dx '^ f 

and if a, ^1 represent the coordinates of any point in the evolute cor- 
responding to [x, y,) in the involute, we know iDiff. Caic, p. 141,) 
that 

P P 

that is 

(c = a; -I- 2 v'2i-j — y', ^ = — y, 
fr(»ii the second of these we get 



X = a.~2 V —2r^ — ^' 
which values of x and y substituted in one of the foregoing equations 
of the curve, the last for instance, give 



j8 = — r + COS. ( — ^/— 2r^ — ^» + a), 
and this equation agrees exactly with that of the proposed cycloid 
when the origin of the axes is removed from P"' to tiie vertex P; 
hence, the evolute of the semi-cycloid P'" P' is an equal cycloid, 
P"' Q' having its vertex at P'", and consequently one extremity of its 
base at Q', P'Q' being = 2P'Q ; also the curve being symmetrical 
with respeot to the axes P'Q', the evolute of PP' must be a semi- 
cycloid FQ' Bymmetricsl with the former. 
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S. To detetmiae the length of the arc of the painbola yrtuxe 
vquatBMi 18 ^ = fix" between the limits x = 0,x = a: 

27 * 4 ^ n ^ ^ * 27 
7. Required the length of Ihe curve whose equaticai is 



j=(«' 



..»)». 



8. Prove that in anj plane curve the length of the tangent at 
any point (x, if) is 



T=±!,. 






the independent variable being arbitraiy. The upper sign obviously 
has place if both a and y increase or decrease together, but the lower 
sign, if one, increases while the other diminishes. 

9. To rectifythe (rocfrii of which 
the figure is given in the matgin, and 
whose characterietic property is, that if 
from any point F in the curve a tangent 
be drawn, the part PE between the point 
and the axis AX is equal to the constant 
quanti^ a = AY, 

s = o log. — . 



10. To determine the length of the 
curve whose characterlatic property is such 
that a line x' p draWn trom the foot of the 
ordinate, perpendicular to and terminated by 
the tangent PR, is equal to the constant 
quanti^ a = AA' ; 




TUb is die eatenary or curve formed by a heavy and perfectly flexible 
chain, 8uq)endedby its eztretnilira. 
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(63.) IjCit us now detenmne the formala for (he rectificatioa of b 
plane curve when it is referred to polar instead of ractaa^ar cow 
dinates. 

We know hy the formulas for cbangii^ the indepeodeot variable, 

{Diff. Co/c. p. 99,) that ^b the same as -^l£i,(heindependent va- 
riable in this latter coefficient b«ng any ^latever, ao that the formula 
at the head of this chapter when put in its most general form, as in- 
deed we have given it at page 126 of the Differential Calculus is 



_(<fo) = ^/(d^)^+(dy)^ 
therefore, when the angle u between Ihe radius vector and fixed axis 
is taken for the independent variable, the formula is 

& _ 1^^ ^ 

but {Diff. Cak. p. 139.) 

d» , dr . dx . , dr 

-~ = r cos. a + ^- sm. u, -7- = — r sm. w + -r- cos. u ; 

ou au du du 

hence, by substituting these values in the foregoing expression, we 

have 

' I d? , 



.^fJ. 



is the same as that for the length of the polar normal PN ; for the 
expression for the subnormal FN is 3-, {Diff. Caic. p. 119,) conso- 
quently. 



PN = V FN^ + FP" = Vr" + 



Aj" 




If from F we conceive a perpendicular 
to be demitted on the tangent PR, and 
call the part of the tangent intercepted be- 
tween this perpendicular and the point of 
contact (, then 
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PN : FN : : FP : (, 



the independeat variable as arbitrary, {Diff. Cak. p. 



EZUK7LE8. 

(66.) 1. To determine tbe length of an arc of the It^arithmic 
spiraL 
The equation of this spiral is r = o", 

** 1 U 1 J * 

.*. -;- = loit. a -o = loff. a. r.-. au = —. ; 

Aj "^ ^ rlog. o 



.=/J^ + ^.&.=/Jl + 



J- 



log.' a * 



' + i;i?-. ••• + <= 

= r sec Z F + C ; (see p. 119, Diff. Cole.) 

If the arc is to be measured from the pole, then the length between 

the pole and the point) whose distance from it is r, will be r sec. /. 

F'l but if we require the length of the arc compriaed between two 

points distant r' and r from the pole, the expression will be (r — r") 

sec F. 

2. To detennine the length of an arc of the spiral of Arcbi- 

medea. 

The equ^on of this spiral is 

dr , dr 

r = aw •■. -r- = « .•, OM = — 

du a 
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....=±/^?H 



lliui iotegnil is the same as that expressing the arc of a parabola 
found in art. 60 ; hence 



2a "^ 



riog. 



■ + V^ + o- , 



IT the arc commenca at the pole, then « = when r = .-. C = 0. 
8. To deteimine the length of the inyolute of the circle. 

The involute may be described b; the un- 
winding of a string from the circumference 
ABC ; and since in ererjr position CP it will 
be tangent to the circle and normal to the 
cu^e AP, {Diff. Cole. p. 141,) it follows 
that OR parallel to CP will be perpendicu- 
lar to the tangent PR, and therefore RP = 
OC =^ a ; hence, bjr equation (2) above. 




>dr = 



- + C. 



= OA,then« = 0.-. C =— ^ 



CP" 



the length of any arc AP. 

4. To det«miiie the length of an ai 

r = — , commencing at the pole 



of the reciprocal spiral 



, = V 1 + r'+log. ^Yqr;^ ^_ J — 1. 

6. To determine the length of an arc of a curve whose polar 
equation is 

r = 2o(l + COS. u); 
the aic b«ng comprised between two points at which w = and u 
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ON THE QUADRATURE OF CURVES. 

(66.) Let us now seek an expression for the area of any portion 
of a curve surface situated in a plane, and for this purpose let us first 
determine the differential expression for a plane surface. 

In the plane curve surface ABCM', any portion 
ABM is obviously a function of the coordinates 
AM, AIB, or simply of the abscissa AM, since 
bod) the area and the abscissa always vary toge- 
ther, and we are now to find the general expression 
for the differential of this function. 

Take any increment, MM' = h, of the abscissa, and draw the cor- 
responding ordinate M'C, and then complete the parallelograms BM', 
CM ; 6C will be the increment k of MB, and it is obvious that the 
increment CBMM' of the surface is always between the two paral- 
lelograms however we diminish the increment MM' ; if, therefore, the 
ratio of these parallelograms could ever be that of equaUty, the ratio 
of the correapondiagcuryiliueariacrement to either would also neces- 
sarily be that of equality. 

The rtiio of the parallelograms is always 

{y + i)h y + k' 
and in the limit, that is, whra k = and consequeDtly it = 0, it is 

y 

which beij3g s aba of equalilj it foUowa that m the limit 

CBMM- ' 
Ihuii 

la 
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y^ — 1 J J 

-j^ ^ 1 .'. a . area = v ox 

a. area ' 

.". area =/y (tc = « 
If the axea of cooTdinates were obtique, (hen, calling their in- 
cluded angle f), the areu of the parallelogram M6 would not be yA but 
Bin. ^h ; hence, in that case, d . area = sin. ipytLr, 
■■• "^ = sin- <f/y '^• 
We shall now give a few applications of these fimnuks. 



ff 



EXAMPLES. 

(67.) 1. To determine the area of the parabola 
y' = ax.'. 2ydy = a dx 

.■.u=fyd^ = -fy'dy=^.^ = -^; 

hence the area ABC is equal to two thirds of the paiallelogiaBi AB, 
or the whole area BAE equal totwolhiids ofthecircumscrilnngpu- 
allelogram BD, so dial this curve is eccuiatefy quadiable. 
2. To determine the area of the circle 

y = Vt^^^^ ■■•fy dx =fVt' — x' . dx, 
developing Ihe radical, we have 

-&c. 



m 



2-3r 2-4 ■Sr' 2 ■4- 
This between the limits x = and »= i will, 
supposing the radius to be unity, give a portion AB 
of (he semicircle bounded by anarc BC of 30 degreest from which 

portion, if we take the triangle CO A = -— - we shall have the mc- 

tor OBC the twelfth part of the circle. But, for the actual computa- 
tion of the area, the series given at page 37 of IbeDifierential Calcu- 
lus for the circumference, has the advantage of much greater c<m- 
vergency than that above. 

(68.) From the foregoing integral expiesdon for the area it ^- 
paon that although the integral/ \/r* — x/'dx camiot be accuiat^ 
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expteased in finite terms, yet it amy always be supplied by a circular 
area AB. the sine of the bounding arc being A = x ; the sine of a 

similar arc to this, but of radius unity, instead of r is — ; therefore, 

since similar parts of circles are as the squares of their radii, the above 

area will be equal to r" times a circular area to sine — , the radius of 

which is unity. If, therefore, a table of semi aegtnenta CBD were 
calculated for all values of DC, from DC = to DC = OE = 1, 

such a table would greatly facilitate the calculation of definite inte- 
grals of the above form, for it would then be merely necessary to add 
to the tabular number the rectangle DA, and to multiply by t^> If the 
origin of the axis had been placed at the extremity F of the diameter, 
then the integral expressing the area would have been/ -/ 2rx — a;" 
. dx, which, as above, may be expressed by a circular area of radiua 
taaty, so that 

/ •/ r' — x^ . dx = r* X -- circular zone, sine = — 
•■ 2 r 

/ "^irx—-^ • dx = j" X - circular segment, ver. sin. = — . 

By reference to the figure it will be further obvious that these ex- 
pressions are the same as 

fV^^ZT^ ■dx=ir' sin.-' ^ + ix ^f^^ZT^ 



fi/2rx — x'.dx = J r^ versin.-* ^ (r — x) y/ 2rx — a^ 

the first being the sector OBC plus the triangle OCA, and the se- 
cond Ibe sector OCT minus the triangle OCA'. 

3. To determine the area of an ellipse , 



biit as we have just seen/ Vo* — x* . dx is the expression for a cir- 
cular area whose radius is a, it follows, therefor*,, that ifa circle 
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circuniEcribe an eHipse, the are& of the ellipse w31 be to that of tiw 
circle as the minor azia to the major ; we have then osl^ to moltiplf 
the area of the circumflcribing circle by the minor diameter, and to 
divide the product by the major diameter, and we shall have the ares 
of the ellipse. 

4. To determine the area comprehended between the curvo 
and asymptotes of an hyperbola. 

The equation of an hyperbola betireen the asymptotes is {Ssut. 
Gcont.) 

the axes ON, OK being inclined at an angle 9 ; hence 

sin.ipy ox ^ — - — em. 9 — 

_<^ + 6'. .dx «■ + &■. 
... u — sin. 9/ — = — - — wn. ip log. « + C. 

If the area be supposed to commence when f = 1 
then C == 0, and the expreaaion for the area ■O' 
eluded between one of the curvilinear and asytofy 
(otic legs, measured &om this point, will be 

(^ + i" 
u = — J — em. 9 log. » (1). 

Let L be the point of commencement, that is, let OL represent 
niuty, then since the rhombus OB is 

OL>.m.,=f^±i!,in,,, 

(he coefficieqt of log. x in (1) is simply sin. 9, because, by hypothe- 
sis,' OL = Is hence then the hyperbolic spaces BM, BM', &c. will 
be generally represented by 

u = sin. f log. X, 
■o (hat, if CM, OM', he. represent any series of numbers agreeab^ 
(o the scale OL = 1, the spaces BM, BM', &c. will truly r^iresent 
the logaridims of those numbers taken according to that systMn 
whose modulus is sin. 9, to radius OL ; and thus, by varying the in- 
clination of the asymptotes, innumerable systems of logarithms may 
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be repwiented by hyperbolic spaces. If we wish to represent in 
this way Napier's systein, called usually hypeifoolic loganthmat 
although ID stfictness every system has equal claims to such a de- 
signatioii, we must make sin 41 = 1, that is, the hyperbola must be 
equilateral. If we wish to represent Brigg's, or the common system, 
we must make sin. ip = •43429448* , .-.ip = 2B\ 55'„16". 

6. Let AFBF" be a given circle, and AB a diameter ; let the ra- 
dius OT revolve round the centre 0, and let OP be always perpen- 
dicular to OT, meeting TP drawn parallel to AB in P. Requured 
file equation and quadrature of the curve which is the locus of P. 

Take the centre O for the origin, 
the fixed line OB for axis of x, and the 
perpendicular OF for axis of y. Put 
die radius OT = a ; then by similar 
trianglea OFG, TOP, we have 

OG^:PCf::OT':OP', 
Oat is, 

irtience 

the equatioa of the curve. When x = 0, 9 = 0, therefore the curve 
begins at ; when tf = ± a, 7 = co ; hence the two langeots HS, 
ML are asymptotes to the curve. 
For the quadrature we have 

diis integral) by page 42, is 

- o . arc AT — - y ^^ — f + C. 

As the curve begins when y = .-. C = 0, and from diis to y = a,< 
between which a fourth part of the curve must be described, since the 

■Foilhedeterminttionof ttusanmber, MemyEsuyonLogiritliDHgpagQe. 
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revdrmg ndiiu mil have passed through a quadrant, die trea viU be 

~ o . arc AF = quadrant AOF, 

and therefore the whole area included by the four infinite branches 
of the curve, and the asymptotes HK, ML is equal to the area of the 
circle AFBF'. 

6. Let ABC be a right-angled triangle, whose base AB is giveu, 
andinthe variable hypothenuse produced, take CP, such that AC . CP 
may always be equal to SC. Required the quadrature of tht curve 
which is the locus of P. 

Let BX, BY be the axes of reference, and put 
&B = a, then we shall always have 




and, hy similar tiiaagles, 

AD : AP :; A] 



+ »■ 



a+ x:Vl.<i-^-r + f :•■<•■■ j-qr; -^ (« + •)' + s" 

AD : AP : i BD : CP, 
that is, 

o + i^N^Ca + iJ' + s" :•»■ j|^''(o+«)' + s' 
AD : DP : : AB : BC, 



hence, by hypothesis. 




j(« + .)• + «!. 



the equation of the curve. When x ^ 0, if ^: 0, and when x is 
negative, y is imaginary, .-. the curve begins at B ; when x = a. 
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If = « ; hence, nu^ttng BE = BA, ihe peipeikEcidBr llmu|^ E 
will be an asymptote to the curve. 
For the quadrature we have 

- axdx „ aftJE 

= -d^verein.-' Cr^+n) Vox x* (see ex. 6, p. 46], 

the correction C is 0, becauae the integral ought to vanish for J^ = ; 
hence, when at = o, we have 

« = g o' versin.-' 2 = - . - (^ versin."' 2), 

the quantity within the parentheses is obviously the length of the 
semicircle on BE ; hence the area of the infinite space between the 
curve and asymptote is equal to T times the circle on BE. 

7. AGBisagiven semicircle, CD any ordinate: join AC, and 
draw DP perpendicular to AC. Required the 
quadrature of the curve which is the locus of P. 

Draw CB, and put AB = .a, AD = a then 
CD = ■Jax—^, 
and ( Fotmg'f Gtomtir^^ 

AB : AD : : CD : PG, 
that is, 



a : « :; -J at — 


r';PG = ; -J^-f 


also 




AB : AD : ; AD 


■.Mi, 


thatia, 




a '. X '.: z 


: AG = ^ = X, 


consequently 

a „ 


2 J 


/Sd. = y/^d.^„ 


-.• = y/.44t,/a-; 



/yd* =fjx^ (o* — ar*) ix. 
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This integral satisfies the conditioD c^ integnlHlitr at art (21 )| and, 
if taken between the limits x = and x = a, values for which y be- 
comes 0, and berood which y becomes imB^aBi7. we shall have, for 
the area of the Inole cuttbi 

u = - semiciicle ACB. 

8. To detennine the area of the calenaiy. 
In this curve we have found (ex. 10, p, 1 17,) that 
^ = 2ax + x', 
from which we get, by solving the quadratic) 



«liio, since uuirersally 

dy = •/d^ — d^. 
we have 



I ^d>? adi 

HultipljiDg this by the value of :e, above, we have 

<^d» 
xdy = ada — — — — ' - = tub — ady 

.: u =fxdy = afd» — afdy = »u — m/ . . . . (2), 
v^ch requires no correction, since, >, ^i and u vani^ together. Ths 
area here found is that behui the curve {»tt fig, at p. 1 17] included 
between the tangent through the vertex, the ordinate at the extremi^ ' 
of a, and t itself. Subtracting then this area from tite rectaoglfr 

xy = y'/tf + ^~ay, 
we have 

« = jf i/a' + f — at, 
or since, by integrating (1), 

, = .log.i±^^Z±^....(3) 

■ • (4). 
die area above the curve. 
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Bypiitliiig in (3)' for Vt^ + «» its valued + »■, abbve, and for s 
its value given bjr the first equation, it becomes 



a log. 



i-^x+V2ax + ^ 



which is the equation of the catenary between x and y. 
It is obvious that equation (3) may be written thus : 

Be- =«+ Va" + s'.'.oe '— «= Vo*'+ ? 
squaring each side, we have 

— 2«e" + oe'=a 

....=l.i.--. ■(.... w. 

Proceeding in like manner with equation (4), we have 
, = i„j/+. •j_„....(6), 

9. To determine the quadrature of the curve o/nnea or tttx^ 
toid, its equation being y = sin. x to radius r. 

10. To detenniae the area of the curve of tangents its equa- 
tion being y p tan. z to radius r. 

tt = — J-" log. COS. X. 

11. Todeteiminethesreaofthecurve whose equationis 

3 = ^. 
between the limits X = 0,x = I, 

12. To detennine the area of the logarithmic curve, its equa- 
tion being 

y = ar 

log. a 

13. Prove that the area of the common cjcloid is equal to 
three times the area of the generating circle. 

17 
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14. ACB is a given Beniicircle, and DC aay «• 
dinate ; bisect the arc AC in E, and join AC and AE, 
and upoD DC take DF equal to the sum of the chords 
AC, AE. Required the area of the whole curve, which 
is the locus of F. 

_ 40-f 16 y 2 , 
" 15 "' 

15. AEB ia a straight line bisecting per- 
peodicularlj the given strai^t line DEC. From 
D, one of the extremities of CD, draw Ae straight 
line DFP, cutting AB in F, and make FP equal 
to EF. Required the area of the curve wluch p 
describee. 

u = semicircle on DC + 2EC*. 

16. To determine the area abed included 
hj the four branchea of the evolute of the ellipae, 

(69.) We shall now investigate the formula for 
the quadrature when the curve is referred to polar 
instead of rectangular coordinates. 
In finding the lengths of curves, the formula of rectification was 
changed from rectangular to polar coordinates, by merely changing 
the independent vanable from x to u, the analytical value of the es- 
presaion remaining unaltered ; but in the formula for quadrature this 
change is not sufficient, for the analytical value of the function repre- 
senting the area requires to be altered, since the spaces between the 
curve and the rectangular coordinates of any point in it, and the space 
oetween the curve and polar coordinates of the same point are them- 
selves different Thus thespace between the curve AC, 
and the rectangular coordinates of the point C is ACB, 
but the space in reference to the polar coordinates of 
the same point is ACA, so that, calling, as before, the 
former space u, the latter will be j^ :n/ — u, it is therefore, the differ- 
estial of this expression, taken relalively to x, that we are to trans- 
form to an equivalent differential, having u for the independent varia- 
ble, and not the differential -v-. Hence, putting v for the area ACA, 
and difibreatiating relatively to Xt we have 
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and cnanging the independent variable from k to u, and multiplying • 

da 
hy -T-, there results 

or Bmce -p- = «, 
dx " 

do _ 1 dj di 



in terms of r and u, as given at page 116 of the IHff. Cole, we shall 
have for the formula sought 

du 2 a** ' 

r being a functioa of u, given by the polar equation of the curve. 



(70.) 1. To detennine the area ofthe spiral of Archimedes. 

r = o«.-.i/H<Iw=^/)*(fr = ~ + C. 
2-' 2a*' 6a 

IflheareaismBaBuredfrom the pole, then tt = 0, whenr = 0.*. C 
= and the expression for the area is 

_ r^ _; ■ 

" 6a' 
but, if the area is measured from the point r to /, then c is 0, when 
r = / .*. C = — — , and the expresnon is 

"^ 6o 
tot the area comprehended between the two radii vectorM t*, r. 
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2. Tangents are drawn to an equilateral h^ibola, Bod pei^ 

pendiculare to them are drawn from the centre ; required the equation 

• and quadrature of the curve, which is the locus of the intersectioua. 

Taking the diameters of the hyperbola 

for axes, we have for any point (x*, if') tho 

equation 

and for the equation of the tangent through 
it 

• y— !^ = t; (■»^ — *'). 

aim for the perpendicular to this from the origin 



Eliminating x', y', by means of these three equations, we haye between 
(x,y), the intersectionofthe two latter linea, the equation 

for the locus sought This curve is called the lemnutdta ofBtr- 
nouUii. 

To transfonn the above equation from rectangular to polar coordi- 
nates, we must substitute for x and y the values 

X —r COS. oj ; y = r sin. w, 
which wiU give the polar equation 

H -o' (<=<«." "-««n.'«) = 0, 
or, substituting cos. 2u for its equal cos.' u — sin.' u, 

r" — o" COS. 2u = 0, 
from which it will be easy to discuss the figure of the curve. Thus, 
whenu = Oj r = ± a; hence the curve passes through the extremi- 
ties of the transverse axis of the hyperbola ; it also touches the hy- 
perbola at those points, for if r were any where greater than a, cos. 
2u would, by the above equation, be greater than 1, which is impoB- 

sible. When r = 0,u must be either — , — -, — or -— , so that the 

curve passes through the c«otre of the hyperbola in four directions, 
being, indeed, the directions of the asymptotes; these are, tberefwe, 
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tangents to it : hence the curve consists of two leanta, as represented 
in the diagram. 

For the quadrature we have, by differentiatiDg the pdar equatiooi 
r dr = — o" sin. 2w du 

ir rdr 






Vo* — t^ 



1 /• 1 /!_!1°^: 1 

...-y ^d. = -g/;-?= = -./»._ r' + C. 

Between the limits r = a and r = 0, which comprehends the upper 
segment BC, the area is ^ a'/which being a quarter ofthe whole 
area, we have for the entire curve 

p = rf", ■ ■ ' ■ 

the square described on the semi axis ofthe hyperbola. 

3. To determine the quadrature of the curve in example 7, 
page 133, by means of its polar equation. 

Call the diameter AB, a, AF = r, FAB = u, then we have 
AC = AB COB. w, AD = AC cos. w, AP = AD cos. u ; 
.*. r = acos.^A 
the polar equation ofthe curve. 

.-. -/r" du = -^fcoa.* uMi, 

this integral is (34) 

^•'^l^. + C. 
2 6-4-2 

which, between the limits u = 0, u = — , compreheitdkig the whole 



8 2 2" 
irtiich is -, the semicircle AGE. 

4. AM, AN are atraig^ht lines perpendicular to each other and 
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A straight line BD of givea length having its extremities alw^a tn 
them is mo?ed IrtKn » horizontal to a vertical poeitioii. If m BD, 
BF be taken always equal to BA, what will be the area of the curve 
in which F is always found. 

Put DAF = u, AF = r, and BD = 0, also 
draw BE perpendicular to AF, wluch will bisect 
the angle FB A of the isosceles triangle BF A, aitd 
the angle ABE will be equal to the angle DAF. 
Now AB = BD COS. ABD = BD cos. 2u; 
AP = 2 AB sin. u = 2BD sin. u cos. iu, that is 
r = 2a Bin. u cos. 2u, 
the polar equatum of the curve; hence 

-fr'du^ 2i^/8in.* w cos.*2w du 
or, substitutiug {Gregory^i 3Vig. p. 43, or Laeroi^s, art 27,} 




- 2 sin.' u, for cos. 2u 



5/'-*' = 



.•/" 



udw — 4/sin. 



udu + 4/«n.* w du, 
limits w = 0, u = 45' 



which for the whole curve, or between tl 
becomes* 

X = ■ 0594 a\ 
6, AB is the diameter of a given circle, AC any chord, CD 
perpendicular to AB, and P a point in AC, so taken that AP* = 
AB - CD. Required the quadrature of the curve which is the locus 
of P. 

Put AB = o, and PAB = u, then 
AC = AB cos. u, BC = AB sin. w, 
therefore twice the area of the right-angled tiian- 
gle CAB is 

AB» Bin. w COS. w = AB • CD = AP* 
that is, 

* ItiaobriouB, fhnnaslight eituniiiBCion of the equation of the cone, tbattha 
entire locOB of IhU equation coQsats offmulcoru, Bymmetricallj situated lotmd 
the pdut A, but only oae of these can ccme within the geometncal reMoctJooa cf 
tbe problem. 
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r" = (^ ain. w cos. u = — sin. 2w, 

the polar equation, from which it appears that r = 0, both when 
u = 0, and when u = 90°, so that, while the radius vector pasBes 
through 90" on either side of AB, one leafotiiie curve will be de- 
acribed.* 

For the area of this leaf we have 

-/r* du = -z-f sin, u cos. udu = — cos.' w + C, 

which, between the limits of the curve is 

tt = — = the square on AO, 

so that the whole area of the two leaves is equal to half the square of 
the diameter, or to the rectangle £F. 

6. To determine the area included between two radii vectores 

/, r, (^a logarithmic spiral, its equation being r = a . 

4 
where m is the modulus of the system of logarithms whose base is a, 

7. To determine the area included between two radii rectores. 

r", r, of a hj^peihohc spiral, its equation being r = — . 

_ «(»■ — /) 

8. To'determine the polar equation and quadrature of the in- 
T<Jute of the circle. 

Polar equation ow = y/t^ — o* — * cos.~' ~ ' 

(r> 0*1^ 

Quadrature i> = -^ — ~ 

9. From a given point in the circumfereace of a given circle 

* It IB obviouH UiM the curve can conBist of but two Itavei or loopa, oa well from 
the geometrical restrictiooB of (he locus, as from its analytical representation 
almve ; for wbca w exceodi 90°, r becomes ima^noiy. 
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any chord is drawn, and from its extremity a line is drawn to the 
centre. If Irom the centre a perpendicular to this line be drawn, what 
will be the quadrature of the curve wliich is the locus of its interaec- 
lion with the chord 1 

The whole area of the locus is • 4292 x «uP of circle. 
10. Between the sides of a right angle a straight line is drawn 
so as to enclose a given area; if from the vertex of the right angle a 
perpendicular to this line be drawn, what will be the quadrature of 
the (;urve, which is the locus of the intersection I 

The area la half that of the triangle. 



OSAVTDS XXZ. 

ON THE QUADRATURE OF CURVE SURFACES, AND 
ON THE CUBATURE OF VOLUMES. 

(71.) Let AB be an arc of any plane curve, 
and let it be required to find the differential ex- 
pression for the surface generated by the revolu- 
tion of this arc about one of the coordinate fuxa, 
—^fX. as the axis of r. 
Let BC be any increment of the arc AB, and draw the chord BC, 
and the tangent BD, meeting the ordinate FC in D. Then, since 
the bent lineBDC envelopes the curve line BC, if the system of lines 
revolve round OX, the surface generated by BCD wiD envelope that 
generated by the curve BC ; the former surioce, therefore, will be 
greater than the latter (See Ao(« C). Again, since the curve BC 
envelopes the line BC, the surface generated by the revolution of the 
former will be greater than that generated by the revolution of the 
latter. Hence the surface generated by the arc BC is always of in- 
termediate magnitude between the surfaces generated by BDC and 
by BC. Let us then seek the limit of the ratio of the two latter sur- 
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faces, for if this ahould be uni^, thea the ratio of the intennediate 
Burikce to either must in the limit be necfessarily unity. 

The surface generated by BD is a coaica] frustum or trunk, and 
we know, by the principles of common geometry, that every BUch 
surface is equal to its side, or the generating line multiplied by 
half the sura of the circumferences of the two ends; also the annular 
space generated by DC is equal to its length multiplied by half the 
sum of the circiunferenceg generated bj^e ends D, C. 

Hence, for the largest of our three surfaces we have the expression 
»BD (EB + FD) + .CD (rC'+ FD) . . . . )1), 
and for the smallest the expression 

*BC (EB + FC) . . . . (2), 
and we havo now to ascertain the ratio of these expressions in the 
limit, that is, when EF = h~0. To effect this more readily it 
will be requisite to develops these expressions according to the 
powers of ft. Now it is obvious that 

I dJ d« 

BD = Vh!' + ~-fc^EB + FD = 2^,^-^A, 



BC = VBG.+ GC'= >'!»■+ (s'+^Y^^ + fc"-)'! 
hencei by substitution, the expression (1) is 

. w a +*) ft + |.)-.(^- 5^ + -.„(.,+ . 

and the expreasiaD (2) 
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Diriding each of these hy k, and then puttings & = 0| their limitiDg 
ratio is 






■2j, 
coDsequeutlj, whea A = 0, then 

inc. of surface d8 \ du* 

.-. S=2»/j ,/! +^<fc = 2./!ld., 

P I 3?" 

ot 8 =!!<_/ s>/l + ^.dj.» 
We shall now apply thu general fonnula to some examples : 



XXAMFLES. 

1. To detenniae the aurfkce of a aphere. 
The equation of the generating circle ia 
I" + j" = '', 






oMwequendy 



* To peiBoiu funiliu with other niodei of inTsitigatiaii, Ute abora proccM tmjr 
•eem unnecesBuily long ; but it ib apprehended th&t most ortbBBhortermetbodi 
win be found, npon Buminatioi), to be defident in ligoor. Thna Rmuav 
(CMTt dt JVotL torn. 3, p. 341,) Teatoni si if the aurfkce generated bjlhe ua 
weie of intemwdiate magnitude belveen tboae generated by tlie cbotd and tut- 
gmt, which ii not necerauily the case. 
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= 2*frdx = 2'frx + C. 
Between the limits z = 0, x = r, this is 2«t' ; hence the nir&ce of 
the whole sphere is 

« = 4<r', 
which is equal to four times the area of one of its great circles. 
2. To deternune the eur&ce of a spheroid. 
The equation of the generatiug ellipse is 



&om which we have already found (art. 61) 



consequently 



'/!^="'7T=?=/^7" 



' = "■■ -vi 

but V 1 — «* = T, therefore 

Now, as we have observed at (66), the integral 

ia equal to half a circular zone of radius - the dne of die arc being 
X ; therefore, calling thia circular area A, we have 



If z = o, then thia expression will represent half the entire aurfiw«, 
or, calling the correspoDding value of A, A', we have for the vrtiole 
surface of the spheroid 
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3. To detennine the surface of a paraboloid of revolution. 
The equation of the generating curve being 

we have 



2ytly= pdx .-. 



di*_4j» 



" ^ f 
hence 

But 

...S = ^(4j,' + p")i + C, 
which, between the limits y = 0,y = y,ia 

4. To detennine the sur&ce generated by the reroluticm <^m 
catenaiy about its axis. 

We have fdready found (p. 119) that in this curve 
f = 2acc + 3* 



conaeqnently 



«* = 




+ »■.•. v/o- + ^ = 


. + .i 




•/<' 


+ / 
ad. 




4, 


Syd,= 


v- 




■/a- + f 
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S = arys — 2iw / 

= 2rya—2ar^a*+ ^ + C. 
When » = then 8 = .■• = — 2aV + C .-. C = 2«Ar ihera- 
fore 

S = 2*y* — 20* -/o' + a" + 2o«*, 
which ia the area of the surface, in terms of t/ and g, « being the length 
of the revolving arc measured from the vertex, and if the ordinate of 
its extremity. If for -J i» \ «* we substitute its value above, viz. 
a + z, the expression for the surface becomes, in terms of 7, y and », 
8 = 2*)/» — 2(wr. 
6. Todetermine the surface generated by the revolution of a 
cycloid about its base 2a 



To detennine the surface generated by a cycloid revolving round its 
axis, the diameter of the generating circle being a, 

S = (*-|}2*a'. 



(72.) Let ua now investigate the differential expression for the vo- 
lume bounded by the curve surface generated by -v; 
the revolution of AB, and by the planes generated 
by the revolution of die ordinates of A and B. Let 
EC be an increment of the arc AB, taking care, 
however, that this increment be not so large that ' ^ b s- - 
the ordinates between E and F may first increase, and then decrease, 
or that they may first decrease, and then increase ; but this interval 
must be taken 90 email that the ordinates from E to F may contiDU- 
ally increase or continually diminish. The necessity of this condi- 
tion will appear, when we state that we are about to found our rea- 
soning on this principle, viz. that the volume generated by BC is 
always intennediate in magnitude between the cylinders generated 



A 
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hy BG, CC, however we dhnimsh the original tncrement EF = ft, 
a principle which would not be neceaasrily true if either of the paral' 
leb BG, GG', could cross the curve BC, and, to render this crossing 
impossible, the foregoing condition must obviously be observed ; we 
ny the soUd generated by BG and the cylinder generated by BG, 
&c. for shortness, of course it is to be understood that the ordinates 
of the extremities of these lines revolve with Ihem. 

AdmittiDg then that the solid increment generated by BC is always 
intermediate between the two cylinders, let us seek the limiting ratio 
of these latter. 

The volume of a cylinder is equal to its baso multiplied by its 
height, therefore the volume of the cylinder generated byBGis *^^ 
and that generated by GG is 

•(» + ^»+S-r^. + '-)•*• 

the ratio of these is 



whidt when h = becomes unity. Hence the ratio of the iatarme- 
diate volume or the increment of the proposed volume to either of Ihe 
cylindera is unity in the limit, that is 



(73.) 1. Todetermiue the volume of a prolate sphenid. 
Since the equation of the generating ellipse ia 

...T = */s»dr = ^/(a'~ar«)d* = *&■(*- ^) + C. 

and for the whole sehd, that is, between the fimtta x = a and x = 
— 0, dtis integral ia 
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T = *6'(2o-|a) = |»a6», 



and since the circumscribing cylinder isb* .b.2a,it follows that the 
volume of the spheroid is two thirds of its circumscribing cylinder. 

When a = A the spheroid becomes a sphere, which is therefore 
equal in volume to two thirds of its circumscribing cylinder. 
3. To determine the volume of a paraboloid. 

Since here y" = pr .-. «/^ dx = *p fx lir = ^ «* + C, 



which is half the volume of the circumscribing cylinder. 

3. To determine the volume generated by the levoludon of 
(he catenary about its axis. 
By example 4, p. 140, 

td a ads adx 

and the formula for cubature being decomposed ia 

*/y*(fc = *(S** — 2/iydy) .... (1). 
If for dy we put its value above, we have 

as djf = ay — , 
but from the equation of the curve 



xydti = ayda — ay dy, 
and consequently 

frg^^a/yd,—^ (2), 

substitutmg this in (1) we have 

T = *S* * + meg* — 2a* f yds, 
bat 

S«/ff d$ = Sur&ca = 2ty» — 2atx ; 
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hence, finally, 

V = irj'x + (Mry* — -iaryt — 2a>«-£, 
which requires no correction. 

' 4. To determine the volume generaled by the revolution of 
the parabola if = ax about the axis of x : 



»+ 2 



vfi. 



5. To determine the volume of apara£oitc ipindle which is 
generated by the revolution of a parabola about its base 6, the height 
beinga: 

_ 16ro» b 

(74.) It ought to be remarked here, that tHere is another method 
in which volumes of revolution may be easily conceived to be gene- 
rated, viz. by the motion of a curve parallel to its own plane and va- 
rying in magnitude according to a fixed law. Thus the volume of 
revolution upon which our obeervntions in art (72) are made, may 
be considered as generated by the motion of a circle whose radius is 
y; the centre being always on OX, its plane being always perpen- 
dicular to this line, and its radiiu varying according to the law of the 
variation of the ordinates y of the directrix, ABC : and, viewing the 
generation as efiected in this way, we may aay, agreeably to the gene- 
ral result obtained in the article referred to, that tkt differtnlial oftht 
volume w equal lo the area of the generating circle mull^litd by tht 
differential of the axis. This theorem is indeed true whatever be the 
generating area, provided only that, as in the case of the circle, it va- 
ries agreeably to some taw dependent on the equation of the direc- 
trix ; or, in other words, provided we can always express this in gene- 
ral terms aa an invariable function of ;c and y, the general coordintites 
of the directrix, and therefore of x simply. 

Thus, let ua suppose AB in art. (72) to be tiie directrix which go- 
verns the magnitude of Ihe generating surface whose edge is BE ; 
then, taking the ^ame increment EC of the volume as before, we shall 
have to constitute on the sections B£, FC instead of cylinders, prisms 
BF, FG', between which the increment of the volume will as betoEB 
be always intermediate. Now the tfltiinate ratio of these prisma is 
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unity, aa was ehown of the cylinders ; for their volumes like those of 
the cyliodera are expressed by the product of their bases and heights : 
so that, aa we may by hypothesis represent the one base hyfx, the 
other will be/(i; + h), and therefore the ratio of the prisms them- 
selves will be 

which, by first dividing by h and then taking the limit or putting h = 
0, becomes unity, as in the former case : the theorem above is there- 
fore generally true. Let us give an example of its application to the 
solid called a cirevlar groin. The generating area in this case is a 
square, and the directrix, to which it is always perpendicular, a semi- 
circle passing through the middle points of two opposite sides. 

Taking as axis of x the diameter perpendicular to the moving plane 
and the vertex as the origin, we have for any ordinate of the direc- 
trix, that is, for half the side of (he variable square, the expression 



y = ySor — **; 
hence, the area of the square is 

4 {2ax — x'), 
therefore this multiphed by dx gives 

dV = 4 (2ax — x') dx .: \ = 4f{2ax — x*)dx 
= 4ax^ — is', 

C being because the expression for V ought obviously to vanish 
with X. As another example, let it be required to determine the vol- 
ume of an eUipsoid. 
The equation of the eUipsoid being 

a' b* a» + 6" c» i» -t- o' c» y' = o' b* c\ 
it follows that the general equation of a section at any distance 2 from, 
and parallel to, the plane of xy, will be 

considering, therefore, this aa the generating eUipse, we have for its 
8eim.axeB a, b'. 
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and conaequeotly for its area (see ex. 3, p. 123,) 

, , , vab (c' — 2') 



hence mulliplyiiif tbia by dz and integratiDg, we have 



This for the whole volume, or between the Umita 2 ^ c, z ^ — c, 
becomes 

which is equal to a sphere whose radius is equal to ^ ahc. 

(75.) The formulas given in the present chapter for the quadrature of 
curve surfaces and the cubature of their volumea, will be found suffi- 
cient for most practical inquiries, as t^e curve surfaces presented to 
us in nature or employed in the arts are almost invariably surfaces of 
revolution. In order however to complete the subject of this chapter, 
we shall now investigate general expressions for the volume and sur- 
face of any body that can be presented by an equation."^ 

Let the equation of any curve surface be 

. = F(.,s). 

Draw four planes parallel two aiul two to 

those otxz and yz, and let us seek the ima- 

lylical expressions for the volume Vand tbe 

sur&ce S of the body MNEF, contained 

between these limits. 

Let X and y take tbe increments h and k, by which means tbe point 
M or (x, y, t,) wiU be removed to C, and the whole increment, taken 

* The student majr if be please pasi over the remainder of this chapter, for the 
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by the body in consequence of this change, will conaiet of the two 
slices enclosed between the planes ME, SD ; SB, FM. The sum 
of these expressed analytically, that is the increment V — V, is 
(DiJ. Call,, p. 96,) 

dx ay dr" 2 dxdy df 2 

If from this total increment we take the two parts MG, MH, there 
will remain the column MS ; the parts to be subtracted are 

dx dif 2 

ay dy' 2 

therefore the remainder is 



By the same process we find for the surface MC, 

dxdy 

Now the volume MS is obviously always intermediate between 

two prisms on the aame base, and of which the altitudes are respect- 

ively SC, PM.* As these prisms are to each other as their altitudes, 

we have for their ratio 

TTT' 

I being the increment of s corresponding to the increment h and it ; 
hence in the limit, or when I = 0, the ratio is miity, and consequently 
the ratio of the intermediate volume to either prism is unity in the 
limit, that is 

dxdy'^ _ #V ^ 

«fct ~ *'■ dxdy ^ 
therefore, multiplying by dy and integrating with respect to y, we 
have 

A, fc, ate to be takpn Ro imall that the nir&M MC may be 



n,g,t,7l.dM,GOOglC 



THE UTTEGSAL CAI.CITI.I'f. 



and multiplying by dx, and integiBting with respect to x, we obtain 

SO that the volume is obtained by a double integration, which is pei^ 
formed hy integrating first on the supposition that one of the variables 
X, y, ia constant, and then multiplying the integral property corrected, 
or between (he proper limits furnished by the projlem, by the difier- 
ential of the variable, at first considered constant, and integrating 
again. This will be best explained by an example. 
Let the sphere be proposed, then 




x" + y' + s" = r'.-. «= ^r' — 3^ — y'; 

J'Y _ — - 

let us first integrate relatively to x, that is on the supposition that this 
is the only variable, and we shall have 

in which integral y is considered a ctmstant, therefore its value is (68) 
half a circular zone whose radius is •/r' — j^ and abscissa x. 

It may be observed here, that the constant y being represented by 
AP, and the variable x by AQ or PN, this zone will obviously bo 
that portion of the vertical section of the spherical quadrant which 
stands upon PN ; the utmost limit to which x or FN can extend is 
from P to M, therefore, taking the foregoing integral between the 

limits X = 0,x = PM = Vr' — y". it becomes - (H — y^, which 

must therefore express the area of the whole quadrant standing on 
FM. y is DOW to be considered as variable, and therefore this is a 
general expression for every vertical section of the spherical quad- 
rant, of which the plane is parallel to AB ; we know therefore from the 
last article, as well as from the general expression for \ in this, that 
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vhich, between the limita y — 0, «f = r, gives for the Bpherical quad- 
rant 



and therefore the volume of the whole sphere is eight times this, or 

I- 

Let us now consider the surface MC, for which we have aheady 
found the expression 

for the purpose of determining between what two surfaces, ultimately 
in a ratio of equality, it must be always intermediate. Let the sides 
of the vertical column MS be produced upwards, and still consider- 
ing M to be the lowest, and G the highest point on the surface MC, 
conceive tangent planes to be drawn to the surface at M and C ; of 
tiiese the portions contained within the vertical planes will be the 
former greater in surface than the convex surface MC, and the latter 
less in surface, or tbe.contrary if ihe surface MC is concave : it will 
be necessary to prove this. 

And in order to this we may first observe that if, through the point 
of contact of one of these tangent parallelograms, any vertical plane 
be drawn, the linear section on the parallelogram will be a tangent to 
the curve section on the surface MC ; and it is at once obvious that 
if, whatever be the direction of this section, the tangent is always 
greater or always leas than the arc, both being terminated by the 
vertical sides of the column MS, the suiface which is the locus of 
these tai^nts will accordingly be greater or less than the surface 
wUch is the locus of the arcs, that is than the surbce MC : this 
beingadmitted, which is indeed axiomatical, our proof will be reduced 
In the showing, that in the sections of which we have been speaking, 
ihe tangent really is in the one case always greater than the corres- 
ponding arc, and in the other case always less, and this is proved as 
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Let MO be naj sic. AM and BC tbe ordinates of 
its extremities, the fonner being the shorter and all the 
ordinates from A to B being in increoaing order ; thao 
■ the tangent CM' is obviously nearer to the perpendicu- 
lar CH on AH than the chord CM, therefore CM' is 
' ^ shorter than CM, and consequently shorter than tbe 
arc MC. Also tbe tangent MD must be farther from the perpen- 
dicular ME than MC, and must therefore cross CH somewhere in 
F between the parallels. Now FC, FM, are together longer than 
the arc MC, {Geom.) and FD is longer than FC, consequently MD 
islongertban the arc MC. Iftbe arc had been concave to AB in- 
stead of convex, we should have found by the same reasoning that 
CM' would have been greater and MD less than the arc. Our propo- 
sition is therefore established, and it remauis to find analytical ex- 
pressions for the two tangent parallelograms between which we have 
now shown the surface MO must be always intermediate. We know 
that the tangent plane at the point (r, y, s,) or M, is inelined to the 
plaueofj:y at an angle of which the cosine is {Diff. Calc. p. 166,) 
1 



v'i+;f? + 5;p 



and as a parallelogram situated in space is equal to its projection on 
the plane of x^ divided by the cosine of its inclination to that plane, 
it follows that since the projection of either of our parallelograms is 
= hk, we must have for the area of that touching at M the expres- 

the quantity under the radical being a function of x and t/ we may 
represent it byy(x, y], and to find the expression for the other paral- 
lelogram or that touching at C, we shall merely have to change in this 
X into X + k and y into y + k, multiplying the result as before by 
Jub. Now 
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consequently, the general expression for the ratio of the two palal- 
lelograma in space is 



I dz' ^, 

which vfaen h and it become reducea to unity ; hence in the limit 
the ratio of the intermediate surface MC to either of these paraUelo- 
grams is unity, so that then 

— + Sc — 

dxdij ' dxdu 

"i -' — hecomes .— — --. = 1 



.= ^^ + ^ + ^-s=//. 



As an illuslrative example let us take tta hefore & spherical sur&ce. 
From ib9 equation 

a:* + S^ + a' = r*. 
we get by differentiating 

dz X dx y 

dx ^ dy z' 

and these values substituted in the foregoing expression under the 
radical reduces it to 



J7 



+ ^-^1s = T^*' + !'' + *' = 



<PS 



dxdy ^f" — x' — ^' 
Integrating relatively to x, if being, fur the present, considered 
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dx 



this taken as before between Uie limita P and M, (see fig. p. 148,} or 

from 3: = to * = ^i» — y* is — -, which is the quadrautal vertical 

arc subtended by FM ; and multipljiiig by d^, and integiatiDg again, 
have finally 

which from y = to y = i* becomes for a quarter of the hemispheia 
—^ , and therefore the sur&ce of the whole sphere is im'. 



OBJkPTBB ZZZ. 

MI8CELLANE0FS INTEGRATIONS. 

(76.) The present may he considered as a supplementaiy ch^iter 
to what has already bfeen said on the integration of functions of one 
variable, and in which it is intended to exhibit a few examples of the 
tnmaformations to be effected in order to bring certain differential 
expreesione to integrable forms. 

EXAMPLES. 

1. Required the integral of 



Multiplying both numerator and denominator <^the functioo by dw 
numerator it becomes 
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(2a + x] dx adx + xdx adx 

V 2(w + ar" ~ ^/■2ax^-x' "^ -/ 2oF4~i?' 
The proposed ditferential is thus divided into two others immediately 
iategrable: tbefirstbythe rule for powers art. (4), and the second 
is integrated at p. 32, ex. 12 ; henc« 

/V'2ffll + J!' 
d*=^/■2ax+x• + alog. (a; + a+ V2or+i')+C. 

It may be proper to observe that as the proposed Batisfiea the cri- 
terion of integrability at (21), it may be integrated by the method of 
substitution there explained. 

2. Required the iDtegral of 

By first adding \ adx to, and then subtracting it from, the numeratori 
we shall convert this diS'erential into two others, of which one will 
obviously be immediately integrable by the rule for powers ; thus we 
shall have to integrate 

^adx + xdx \adx 

%/as + t* ^/ ax + 3? ' 

ao that 

/■ »t^ 1 1 

7^^=^/<« + a?-2«log.(*+2<I + ^/<w + x') + C. 

3. Required the integral of 



Multiplying numerator and denominator by ^a — x this becomes 
adx — xdx 



which would bo the differential of ^ ax — 3^ ifthe numerator wers 
diminished by ^ a dx ; hence, first subtracting and ikea adding thia 
^uanti^i ve have , 

30 
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4. Required the integral of 

(1 — j') dx 



(1 + a:*) y 1 + at* + *« ■ 
Divide both numerator and deDominator by i^ and the expceBBkm 
becoraea 

1 — a4 , 





1 + ^ 
1' „ ■ 


.dy = ~^ 


^-. 


alM 










9.-2 


=^ + -. 









Sv'j' + o — 2 
of vbich the iotegial by ex. 8, p. 3], is 



,/ J^Tz '°8- j; 

6. Rflquii«d the mtegnd of 

! + «■ 



(1-^) v'l + i''' 



.-.It 



(y-i)*(v+i)* 
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Aim 
hence, by eubstituting these values in the proposed expression, it 



ydy 1 2tf % ds 

X being put for if^. The integral of this is (18) 

~ log. J V^— 1 + 2) + C = 
2* 





jlog. !>/!/•- 1 + 


(•S + c = 






I ,.. <r(' + "")' 


':*-^i-^ 


6. 


Required the integral of 








Vl+cos 


x.dx. 




Pol 










1 + COS. X = X.:- 


— sin. dz = 


d., 











! + c. 



" N^l — COB.* -J 2 « 



c %^1 + CQB.x _ ein.* %/l + co8.« 



J ^/H-COB.i(ia: = — /;^^^^^^= 3V2 — * + C, 



/ */l+et».xdx *= 2 v/l — COB. « + C. 
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7. Required the integral of 

sin. mx Bin. nxdx. 
Since by Trigonometry 

COS. (A — B) = COS. A COS. B + sin. A sin. B 
COS. (A + B) = COS. A cos, B — sin. A sin. B 

.-. i'cos. (A — B) —1 COB. (A + B) = sin. A sin. B, 

or, substituting mx for A and nx for B, we have 

sin. nuc sin. inr = ~ cos. (m — n) x-~- coa. (m + ») « ; 

keoce, multiplying by dx and integrating, we get 

/sin. mx sin. nxdx = 

- /^cos. {m — «) xdx — - fcoa. (m + ») xdx 

_ 1 sin, (m — n)r sin, (ro + n) x , 
-^'i—^^n « + « ' + *^' 

8. Required the integral of 

coa. mxcoa. nxdx. 
By adding together the two trigonometriciil formulas above, we 
have 

icos. (A — B} + ico8. CA + B) = cos. A . cos. B j 



COS. mx COS. nx = -; cos. (m — ") ' "t" q *'***• ("• + ••)* 

therefore multiplying by is and integrating 

/cos. mx COS. nxdx = 

1 ^ain. (m — n)x sin, (m + ») ^ 



In like manner, by adding together the expressioDB for sin. (A + B) 
tndain. (A — B), we get 

/sin. mx cos. nxdx = 
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9. Required the integnil of 
dx 



+ 6 sin. X 
Substitute y for sin. x, then 

. %_ 



VI- 
theiefore the ezprassioQ becomes 



(a + 6v) V 1 - y» 
vMch may be reodered rational bj (17), or putting 



the ezpreasion becomes 

2dz 



«_6+(a + 6)a»' 
which is rationaL 

10. To determine the integral of 
kx'dx 



^/Pr' — «* — Q 
Ttuft may be done by dereloping the denominator into a series ; but 
diere is a neater and much more commodious mamier of espresaing 
the integral, ance the proposed differential maybe assimilated to that 
of an elliptic arc Thus, calling » the length of an arc of an ellipse. 
we have (61) 



da =- 



and if in this expression we put 

a' — Ha^ = «^ora*—- — ; — 
we shall have 

_ a V a* — x"* 
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'/{a' + 6')a'.— i" — a'6' 
Hence the tntegial sought may be expressed b^ the product of a 
constBut ftctor A by the arc of an ellipse of which the absciaaa of the 
eztramit; is x. The axes of the ellipse are found by equating the 
expression under the radical here with thiU in the proposed d 
tial, wiach leads to 

whence the axes are 



2a=^^P + 2VQ+s/P — 2^/Q 



26 = v'P + 2v''Q— %/P — 2n/Q 
fio that the integral of the proposed difierential is A times an elliptie 
arc of which these are the axes, and of which the abBciasa of die ex- 
tremity is 

a ■/a' — ar* 
v'o' — f' 
It must however be observed that this is not the case unless P > 
SVQ.forifF< 2%/ Qtheaxes become imaginary, and if P = 2>/Qt 



t«_;e«_QorV 



(jP'-Q)-(«»-2Pr 



isdmooalyii 

11. To deteimioa the integral of 
Adr 



a* y/Vj* — «* — Q 



put 



«■ — f"a* =-— orrf -z — = — =■ 
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and we gel 

—t^fi'd x 

thereforei comparing this with the proposed, which we nay wnto 
A —Qdx 

~ Q i" v/Pb> — x' — q' 
we see that the sought integral is — -^ times an ell4)tic arci (he ab- 
scissa of whose extremity is 

aWr' — lr' 
X -/«" — 6" 
and idiose axes, aa detenniced from the conditions 
o» + f = p,a"6*=Q. 



2o=s/P + 2v'Q+%/P — 2^/Q 



12. To determine the integral of 



VP^ + ^ — Q 
The equation of the hyperbola is 



dierefcm, if a represent any arc measured from the vertex of the ttsna- 
vene axis, we have 
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^^ — ^ = if'.:x=- — p— -S 
hence 

^^ ^^ x_^ I 

which agrees with the proposed form. Hence the integral sought la 

A limes the arc of an hyperbola whose abscisBa is I 

« ' ! 

and whose axes, detennined from the ccoiditiona 



20 = V2P + 2VF' + 4Q 



26 = V— 2P+2VP»+4Q. 
13. To determine the integral of 
kdx 



i",/?*" — a:' + (J 
In the erpressiOD for da, in last examplei put 

«6» a VH 



and it will become 






-•■ V" («" — 6") t"" — *■• + «? 6" 
cmnparii^ dus wifli the proposed expression when written 
A — QJ« 

we find for the sou^t iirtegrai — -^ times ut arc d" the bypetbob 
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26 = v'_2P + 2%/P*;1-4Q, 
14, To determine (be integral of 

^^ A + c"=:7-'^- 

£Tei7 difierential of this kind may be compared to tha^ of kd ellip- 
tic nrC) since it may be reduced to the form 



-dx. 



v'o' — «■ 
For the propoaed foim is the same as 

CA 

^/AC + B-A;r■^ I , B /^^-AC + B '') , 



which integrated, gives V A + -tt times an elliptic arci whose ab- 
scissa is X, major aemi axis v''^* and eccentricity 

'' AC+B 
In a aimilar manner may 






be integrated by means of an hyperbolic arc. 
16. To determine the integral of 



VA + By' , 
— , — du. 

■/C±y' " 

If we detoimine the expression for d* according to the second of the 
general formulas in (59) we shall find that when * is the arc of an 
ellipoe or of an byperboU ^ 
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the u[^r sign for the ellipse, the lower for the hypeiboU, ind to thu 
form the proposed Inay be assimilated by writiiig it thus '. 

consequeAtly the iotegral sought is q tiroes an eUiptic or hyperbo- 
lic arc, of which the ordinate of the extremi^ is if, aod of which the 

coDJugateBemiaxisis ^ C, aad excentricity, c = C — 7-,lhatis,dts 



VCand-/C"B ± AC, 

the upper sign having place if the arc in elliptic, and the lower if 
hyperbolic. 
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SECTION III 



ON THE 

INTEGRATION OF DIFFERENTIAL EXPRESSIONS 
OF SEVERAL VARIABLES. 



OHAPTHa X. 

INTEGRATION OF EXACT DIFFERENTIALS. 

(77.) Any ezpreasioo involving variBble qirantities and iheir differ- 
cntials is called an txacl differtnltal, when it is immediately deriva- 
ble from some function of those variables by the common process of 
difiereatiation. In such cases the piimiUve function is always rea- 
dily determinable, or rather the integration may be always made 
to depend on that of a differential expression of a single variable. It 
becomes of consequence, therefore, when any differential expression 
is ^oposed, to be able to ascertain, first, whether it be an ^xact dif- 
fhr«ntial, and second, if it be exact, how to discover the primitive 
function. It will be the object of the present chapter to show how 
these objects are to be accomplished. 

Euler'* Criterion of Itdtgrabilitij. 
(78.) Let the proposed differential expression be 
M(tr + Ntiy, 
in which M and N are functions ofxandif. If this is an exact dif- 
ferential of any primitive function u, it must have arisen from difier- 
entiatiiig u relatively to both the variaJnles x, y. But 
J dtt , , da , 
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hence, if bur suppositioii is correct, we muBt haye die 

These, then, are the conditions from which we are to detennine 
^elher or not the proposed is really an exact differential, and they 
T ate quite sufGci^nt for this purpose, inasmuch as they immediately 
lead to the necessary relation between M and Pf. For, let us differ- 
entiate these two equations, the first relatively to y, (he second rela- 
tively to X, and we shall have 

dM _ iPw dN _ tPu 
dy dxdjf' dx dydx 
but, {Dif. Caic. p. 87,) 

(Pu _ (Pu 
dxdy dydx ' 
hence, that the proposed may be an exact differential, diera muil 
exist lh\s relation between the functions M and N, viz. 
dSl _dli 

'which is therefore called the criUrion ofintegrabiUly. 
If the proposed differential contained three variables as 
Mdx+ Ndy + Tdz, 
then, as before, assuming the primitive functum to be u, we hava, 
since 

, du 



consequently 



d.+^i, 


-£-. 




dP 


JM dN 




dM^ dp 

da ™ d* 




dR dP 
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Bre the neceasaiy condidons of int^prsbiUty, and it is obrioui that 
generally for every difierential fuaction containing n Tariables, we 

must have ■ ■■ — ~ such equations of condition, if tho proposed ia 

an exact differential, because this fonnula ex[»:esaes the number of 
combinations of every two of the n variables. 
Suppose the given differential were 

{Z}? + 2035) (ti + Co** + ^t) ^^ 
then, since 

dM „ dN „ 
ay ax 

we may be sure that the differential proposed ia exact. 
Again, let 

(3^— tOd*— £^ 
2-,/*»— *y 
be proposed, dken 

dM_j ^^ — f ^. _ *' + «» 
dy a-Zjr' — ly ■ ^ av^ar- — «y 

■iN^^_r--f_^^,^ ' ^ + ^ 

(tc aV*" — *3 2%/r'— *S 

ao that this also is an exact dlfierentiaL 
But, if 

{^J + f)dx — ^dij + x^dy 
be the proposed differential, then, since 

dM . , „ dN , ,_. 

•dj- = ^ + 2j,,^ = S'-3^. 

we should infer that the differential in questim cannot ariM from tn^ 
meditA^ diSerentiating any function whatever. 

Let us now proceed to the integradtm of diflerential e^nesaioni^ 
iridcb satiafy the fwegcang cocditiooa. 
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Integration of DiffermtiaU which tciitfy lh« Conditiont oflvitgra- 
baity. 

(79.) Kb the first term tUdx of the esact differential 
Jii = Mdr + N% 
has been obtained bj differentiaCing the primitive function ii, as if y 
were a constant, it follows that if we integrate this first term on the 
same hypothesis the integral properly corrected must be the original 
function u, that is 

observing, however, Uiat in consequence of y being coosidered con- 
stant, it may enter the correction C, so that, as C may be a function 
of jf, it will be better to write this expression thus : 

w=/Mdr + Y . . . (1). 
By applying similar reasoning to Ndj/, the second term of the pro- 
posed differential, we should obtain for « the eipression 

«=/Ndy+ X . . . (2), 
where X the correction may cimtain x. It merely remains, there- 
fore, to determine the proper conection T w X in one of the equa- 
tions (i), (2). 
ftom (I) that 



N 



_ dJT!iidx JY 
dy dy 

" dy dy 

..,../(N-^,.,. 

The quautily within the parentheses cannot possibly contain x, other- 
wise tUa ooncluaioa could tMt be deduced ; it would, indeed, be con- 
tradictory, seeing that T cannot contain x.* StJutituting in (1) thit 

* TIlia condition is in fact, inTolved la, and depends npon, that of iDtegnbiliCj, 
fat by diflerenliating the eipreBgion wilhin Ihe parGntbcna relktirelj lo x, the re- 



I iijiidi,by tiMMBditioairfinteenbilitjjiiO. 
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expression for T, we have, for the complete integral sought, 

.=/Md.+/(N-i^),!,....(3,,. 

which is, therefore, a general formula for the integration of exact dif 
ferentials of two variables. 

Ifwe had tak«i equation (2) instead of equation (I) a similar pn^ 
ceas would have led to the general formula 

«=/N*+/(M_i^)&....(4.) 

We shall now add a few examples of the 8{>pUcatioii cf these 
gOMial formulas. 



KXAHPLES. 

1. To determine the integral of 

In this example, 

M = bxy — y*,fi = 33^ — 2xt/ 
dJA . ^ dJi 
dy " dx 

thedifierential proposed is, therefore, exact, and consequently the in- 
tegial is comprised In the general formula (3) or (4). Instead, how- 
ever, of availing ourselves of this formula, we shall employ the [H'o- 
cesa which led to it, in order to render that process more fiuniliar to 
die student. 

Integrating the terms containiqg dx on the l^rpodiesis that y is 
conshiot, we have 

f{6xy~V')dx = 3x'y — y'x + Y, 
and this, when Y is detennined, must be the integral sought, and it 
is the differential of Qua integral with respect to y that forms the term 
containing (faf in the proposed ; hence, then, differentiating the ex- 
pfession just deduced, with respect to y, we must have the identity 
rfT 
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.'. -r— = /, Y = constant; 
dy 

faenc* the integral of the proposed expression is 

3«»y — y'^^- C. 

2. To detennine Ihe integral of 

(2y'x + 9*»s + 8i=) dr + (ar's + S**) dy. 

Here 

w 

so that the difierential is exact, 
lategratiiig with respect to x, we have 
/(a/ar + gi-y + Sir')d3; = yix'+3r'y + 21* + T, 
and differantiating this with respect to y, and then comparing it to 
the term containing <% in the proposed, wo have 
■ dY 



hence the integral sought is 

j'ai^ + Sr'y + at' + C. 
3. To detennine the integral of 
dx 
yX+p +'"'* + 26yrf»- 

This is obviously an exact differential, since y does not enter mte 
the coefficient of dx, aoix into Ihe coefficient of dy. Hence, inte- 
grating the term containing dy, which ia the simplest, we have, 

2/bydy = bf + \, 
qad equating the differential of Utis, with respect to x, with the other 
terms of the proposed, we get 
dx 

^ = vTT? "*■ "^' 

.•.X = log.(«+v'l +*») + « + C; . 
bmee Q» required integral is 
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hf + log. {x + vTT^ + <w + c. 
We shall give one example of the process aa applied to a dlfierendal 
expression of three Tariables. 

4. To determine the integral of 

dtt = ^ + (» + ^"g) t^y _ (a? + gif') (b _ 



s 


. ^ 


Hot. 




M =A, N 




and 




(iM 1 


_ dN dM _ y _ dP 
"dr" dz *» di' 


JN 


_ * + 2a!/ _ dP _ 



differential of «, taken relatively to the single variable x ; hencoi in- 
tegrating with respect to this variable, we have 



it remams therefore, to detemaine the iiinction F (tf, x), which com- 
pletes this integral. DiSereatiating with respect to y, and equating 
the resulting coefficient with that of d^, in the proposed we have 



rfu _ r rf F {x, y) _ x + 2oy 
dy X dy z 

dF (g, y) ^2tiy 
■*• dy 



Substituting this expression for F {x, y), in equation (1), it be- 
comes 
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We have, thererore, now only to determine the conectimi^ which 
is effected by differentiating with respect to s, and equating the coet 
ficient with that of dz in the proposed, so that we have 



. ^ 



-0.:fi-. 



hence equation (3) becomes 

„ = »i±^ + c, 

the integral sought. 

5. To determine the integral o^ 

6, To detennine the integral of 

dit= (ax + by + c)dx+{bx + mi + n)d*f 
tt = - (M!* + 6y» + c« + - my" + njf + C. 

Differentials which are both Exact and Homogeneotta. 

(80.) An algebraical function, consisting of several tenns, is said 
to be koinogeneoiu, when the sum of the exponents of the variables is 
the same in every term. 

Thus the following are homogeneous functions, viz. 
gjr'y' + y* axy + y* + ^ 

the degree of homogeneity being in the first 6, in the second 6 — 2 
= 4, and in the third 2 — 3 = — 1. 

' When exact difiereotiale are also homogeneous, Aeir integrals may 
be obtained by a very easy process, except in that particular case 
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where the degree of homogeneity ia — 1, in which caae the process 
we are going to explain ia not always applicable. 
Let 

Adx + Bdy + Cd: + &Q (1) 

be an exact difierential, and such that A, B, C, &c. are homogeueoua 
functiona of the variables, the degree of homogeneity being n, then 
the primitive, u, of this diSerential will be 

_ Ar + By + Ce + &c. 

" « + 1 

For suppose, in the primitive function n, that instead of if, z, &c. 

there be substituted y'r, z'x, &c. then, in consequence of the degree 

of homogeneity of this function being » + 1, it will become divisible 

by 3f^^, so that we may represent it by 

« = Px^' (2), 

F being a function of y\ 2', &c. Alao the proposed differential will 
be divisible by x"^ and may, therefore, be represented by 

A'l- dx + BV rf . y'l + C w" rf . *'i + &c (3). 

Let ua now differentiate (2) relatively to *, only then 
^dx = (n+ l)Paf<tF (4), 

and since (3) is the total differential of u, we shall obtain the partial 
differential relatively to x, by suppressing all the terms connected with 
d^, 6£, &c. ; that is, 

-7- da; = A'a- etc + B'af y'di + C i- a'dt + &c (5). 



(» + 1) Pa:"*' = A'i"+' + B'a^' y' + Ca;' 
Restoring now the values of t/', /, &c. viz. 



and recollecting that 

AV = A, By = 
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this equation is the same as 

(» + 1) Pi^' = Aa + By+C£ + &c. 
therefore 

p^i = — Aj^ + By + Cg + &c. 

^"^ " ■» + 1 

It hence appears that to determine the integral of (1) it is neceasarf 
■nerely to change dx, obf, dx, &c. and to divide by the index of homo- 
geneity increased by unity. When the index n is — 1, then the di- 
visor is 1 — 1, and this process is liable to exception, for to such 
differentials belong those of logarithms and circular area, and, although 
these differentials are themselves free from transcendental quantities, 
aoid have, therefore, a determinate degree of homogeneity n, yet it is 
not true of such that their primitives have the degree n + 1| so that 
for such differentials the fof egoing process is inapplicable. 
(SI.) We shall DOW give an example or two of this method: 

EXAMPLES. 

1. To integrate 

d« = (a*" + iaxy) dx+ {a^ + 3f) dy. 
This expression fulfils the condition of integrability ; hence, by the 
foregoing rule, 

which is the integral required. 

2. To integrate 

(3*" + 26^7 — V) <ic + (6^— 6wy + 3ey') dy. 
This differential also is both exact and homogeneous ; hence by 
the rule the integral is 

ajf + 26rSf — ajy* + ba^ — Gxf + Sey* _ 
3 ~ 

x' + b^ ~9xy' + cf + C. 
When homogeneous differentials are proposed for integration, it is 
oflen easier to apply the foregoing method of integration at once, with- 
out first trying the criterion of integrability, and then, by differentia- 
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■Gag the reeull, we shall returo to the proposed, if this be an esact 
differential, otherwise the expression is not immediately integrable. 
If the homogeaeous differential consist of three or four different va- 
riahles, this mode of proceeding will be decidedly preferable. To 
exemplify this M. Dubourgwet adduces the following: 
3. To integrate 

2 -^/xy — z xdy 

2u» ^x ^ "'■ 2«' s/y ~~ 

2 — 3 dv — -■ — 



of wMch the degree of homogeneity is — -. 

By substituting, according to the rule x, y, z, and u, instead of 
their differentials dx, dy, ds, and du, and dividing the result by 



T ^ y Ax ^ y A.Z -J X 



■ +C; 



this ^eslll^ differentiated, produces the proposed differential, which is 
therefore thus integrated. But if the differential of the result had not 
agreed with the proposed, the trouble of thus ascertainmg this would 
be much less than that of seeking the' six equations of condition in 

art (78). 

4. To determine the integral of 

du = (21^ * + ay-) (fa + (2.1^ S + g^y + 8i^) dy 
u = j» I + Sy" a; + 21/* + C. 

5. To determine the integral of 



The Tariahles which enter the several difierential expressions iute- 
gntted in the present chapter are considered to be entirely indepeod- 
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ent, and the exjMVBsiona themselves to be independent of other ex- 
preaskms, so that, if they do not satisfy the conditions of iategisbility, 
we mud coiuider them as ahogether unintegrable, since we are not 
at liberty to perform any preliminary operation upon them that mi^it 
render them iategrable. If, however, we have a relation between 
any two differential expressions, so that we may obtain an equation 
between them, then, as the equation still subsists, whatever opera* 
lions we peiform on each of its members, we may obviously use 
means to render the equation integrable, without altering the relation 
which the equation fises among the variables. It is thus that the in- 
tegraticm of differential equations is a much more extensive, as well 
as important, subject of inquiry, than the integration of isolated es- 
pressions, and it is this subject that will occupy us during the remain- 
ing part of the present volume. 



OSAPTBB XI. 



ON THE THEORY OF DIFFERENTIAL EQUATIONS 
AND OF ARBITRARY CONSTANTS. 

(82.) Let 

be an equation, cleared of radicals, between two variables, whose re- 
lation to each other is thus fixed. If we differentiate this equation 
successively, x being the independent variable, we shall have the se- 
ries of equations 

^-«.&=».^ = ».-« (^'' 

in all of which the same relation between x and y subsists as in the 
primitive equation, for differentiation does not alter this relation, so 
that these equations all exist simultaneously with the primitive. 
Now we may remark of these' dSierential equations that the first. 
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J- = 0, ia a function of jr. y, and -^, this last entering only in the 

first power, and that die equation contains the very same constants 
08 the primitive, with the exception of that which baa disappeared by 
the process of difierentiation. We shall consider such a constant 
estiiialattertohareactuallyentered the ituicti<«i(l), as we propose 

to view not only 3- = as a difierenttal function derived fitm (I), 
but moreover that (1) Ls the complett primitive of -p = 0- In like 



■~, the latter entering only in the lirst power, contains the same 

constants as its primitive j- = 0, with the exception of that which 

has disappeared by difierentiation, and this constant we shall suppose 

to enter t- = 0, viewing it as the complete primitive of tj- = 0- 

If, then, we stop at the diiTcrential equation .of the nth order, viz. 

-j— - ^= 0, considering all along each to be the complete primitive of 

that which immediately succeeds, it follows that the original function 
F(f , y) =^0 must contain n arbitrary constants,and will be the complete 

final integral ''f~r^ = 0. Now, as there are n — 1 constants com- 
m«B to the two equations F {x, tf) = and -7- = 0, we may ^imi- 

nate anyone of these, and may thus obtain » — 1 new differential 
equations of the first order, or containing no higher difierenlial coeffi- 
cient than -p. These equations are necessarily all different, for at 

every elimination the entire term connected with the constant has 
been eliminated. The same relation, however, subsists between x 
and y in each of these equations, viz. the relation (1) ; this, there- 
fore, is equally the complete primitive of either of them, and they can 

oEv 
have no other. It will obvio)islybe obtained by eiimtnating-^ from 
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any two of the n differential equations of the firat order, since the re- 
sult wUl be the reietion between a^ and y, in ?irtue of which they 
BimultaDeously exist. Each of then — 1 equations which have been 
obtained by elimination may also, by modifying the piimitiTe, be ob- 
tained by differentiation as the immediate difierential was in the first 
instance. For, if the original primitive be solved for any one of the 
constants A, and we find A =/{i,»f) then the equation/ (r, y) — 
A = must be the same primitive under a different form, and if this 
be differentiated, the constant A wilt disappear, while all the olheni 
will enter the reaulling differential equation. 

This difierential equation, however, is not precisely the same u 
that arising from eliminating the constant A, allhough immediately 
reducible to it by the introduction of a factor, and this it is of conse- 
quence to prove. 

In order to put in evidence the constant A, which we wish todimi- 
nate, let us write the primitive in this manner, 

¥(x,y) + Af{x,y) = (!}. 

theD, for the immediate difierential, we -ehall have 

dF{x,y) + Ad/Ci,y) = 0, 
^nd if we eliminate A by means of these two equations, the result will 
be the differential equation 

F {x, y) df{T, y) -/(*, t,) rfF («■, y) = [2). 

Tf ow this equation is not precisely the same as that which would arise 
from solving (1) for A, and difierentiating the result, although it may 
be readily rendered so by a factor. Pot the equation (1), wbeo 
solved for A, is 

— ^....(3,. 
of which the imniediate diiTerenlia] is 

~~ i/C.s)!" ■* '■ 

Hence, as affirmed above, (2) Is not the immediate or exact Hfferan- 
tici of (3), although it may be rendered so, by introducing the &ctor 
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7%e eqmtioiia (2) and (4) both involve the aame ralalibn (1) or (3) 
between the variables, jet we could not return from (2) to (1) or (3) 
without first introducing the factor (6), as this is neceseaiy, in order 
to render it an esact differential. 

It must be remarked here that if besides A there aba enter powers 
of it in the primitive (1), then when the equation is solved for A, the 
function of z, y, to which it will be found equivalent, must contain 
radicals, since A has more than one value ; hence the di^rendal of 
diisequatioDmustcDntain the same radicals (/Mjf. CoJc. p. 101), and. 

dx 

valaea as there are units in the highest exponent of A in the primitive 
(1). But if, instead of getting rid of A by the above process, we dif- 
ferentiate the primitive, and then eliminate the term containing A, 
and afterwards, by means of this result and the preceding, eliminate 
that containing A^ and so on, we shall in this way introduce no radi- 
cals, and shall yet finally obtain, as before, a differential equation 

dy 

dx 



without A : it follows, therefore, that as -^ must necessarily have the 



same values here as in the former equation, -p- must enter in the 

mne power that the constant A has in the primitive, and that, by 

solving the equation for -^, we shall obtain the same espression as 

by the former process. Let us now briefly examine the diSerenfial 
equations' of the succeeding orders. 

The differential equation -j-j = 0, immediately derived from the 

primitive, contains two constants fewer than that primitive ; hut, by 
elimination, a differential equation of the second order may be ob- 
tained, in which any two that may be proposed of the constants in 
the original primitive shall be absent, and there are two distinct ways 
in which this elimination may be performed. Thus if A and B are 
the constants to be absent from the equation of the second order, 
then let ua take the two equafions of the first order, in the one of 
which A enters but not B, and in the other B but not A ; from the 
first and its differential eliminate A, from the secMid and its differen- 
tial eliminate B, and we shall have in each case the required difieren- 
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tial equation of the second order. This equation has, therefore, two 
diatiact primitives of the first order although but one final integral. 
As any two of the constants in the original primitive may be elimina- 
ted in this way, it follows that there are altogether as many differen- 
tial ei^uations of the second order as the » constants admit of combi- 
nations two and two, that is, there are — ■ ■■— ■ -■ such equations de- 
rivable from the primitive. 

Id like manner, by elimination, we may obtain a difTerential equa- 
tion of the third order, in which any three proposed constants of the 
original integral shall be absent, and there arc three ways in which 
the equations of the second order enable us to do this ; for, let there 
be taken those three of this order in which are absent the constants 
A, B from the first. A, C from the second, and B, G from the third ; 
then, eliminating C from the first and its difierential, eliminating B 
from the second and its differential, and A from the third and its dif- 
ferentJal, we obtain in each caae a difierential equation of the third 
order, without A, B, C ; this equation, therefore, has three primitives 
of the second order ; also, as the number of combinations of n things 
„(n_l)(w-2) 
1-2-3 

equations of the third order derivable from the primitive. Witho<d 
pursuing this reasoning further we may obviously conclude that any 
ofthe equations of the mth order has «i primitives ofthem — 1th 
order which are all different, and that (he total number of equations 
ofthe tnth order, derivable from the original primitive, is expressed 
by the number of different ways in which m of the n constants of the 
original primitive can be combined; the number of equations ofthe 
fflth order is, therefore, 

»(n-X)(n-2) («-.«-H) 



by^hreesis -, it follows that this is the number of 



If from any two of these the mth difierential coefficient, or that which 
marks its order, be eliminated the result must necessarily be one (rf 
them primitives of them — 1th order; in like manner, by eliminating 
from any two difierontial equations ofthe same order the coefficient 
which marits that order, we shall arrive at one of the primitives of the 
preceding order, and thus at length at the final integral. 
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In the preceding discussion we have considered F (i, y) = to 
be the complete nth integral of-j— djf = 0, containing all the n ar- 
bitrary constanta, of which one is introduced at every integration; and 
it has also been seen that in setting out from this complete primitive, 
the equation -j — = may be obtained from n different equations of 

the preceding or « — 1th order; from one by direct differentiation, 
and from the others by differentiation and elimination combined ; 

I u, uiD.u ujuJt exist, be- 

sides that integral of the preceding order given imnaediately by inte- 
gration, » — 1 other equations of the same order that are equally in- 
tegrals of the proposed. It might not be amiss to call these indirect 
integrals, and the other the direct integral. If a differential equation 
of the lirBt order bo proposed for integration, we may by differen- 
tiation deduce from it all the succeeding direct difTerential equations, 
to the mth of which tbe preceding or m — lib will be the direct inte- 
gral ; if, therefore, we can by any means obtain one of the indirect 
integrals, we shall then have altogether m equations preceding the 
mth differential, and in which there will enter m — 1 differential co- 
efficients j all these may therefore be eliminated, and thus a final 
equation in x and y obtained, which will be the complete integral of 
the proposed. 

lastly, since direct difierentiation introduces no powers of the dif- 
ferential coefficients. It follows that if we have a differentia] equation 
containing powers of the coefficienta, we may be sure that it is one of 
the indirect differential equations derived from the primitive. 

Tbe degree of a differential equation is determined by the highest 
power of that differential coefficient which marks its order when tbe 
equation is freed from radicals. 

(83.) It may not be amiss to confirm and illustrate the foregoing 
theory by an example. 

Let us take the primitive equation of the first degree 
y + ax + b = . . . . (1), 
then, by differentiation) we get the direct differential equation of the 
Aral order: 
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g+a = 0....(2). 



ix 
wherein the constant 6 has disappeared. 

By eli m inati n g the constant a, still common to both these aquaticDS, 
we get the indirect differential equatioQ of the lirst order : 
d> 

The equation (1) is the common primitiTe of both these, 6 being 
the Bihitraiy constant when it is considered as the integral of (2), and 
a the aibitmyconstantwhen considered as the integral of (3). The 
direct difierential equation of the second order as derived from (2) la 

^_ 



t + 6=0 . . . . (3). 



= 0, 



the indirect equation derived bj eliminating h from (3), and its dtfier- 
ential b also ~ = 0, the two equations (2), (3), being the two first 

primitives of this equation of the second order. 
Let the primitive be 

oes — y + fco! + c = 0. 
By differentiating we have 

2„_| + t = (1). 

EKmioating from these equations fiist a and then 6 we have the 
two indirect different equations 

x^ — 2y + 6a; + 2e = 0,<ir»+ ^ — x^ — t = fi (2), 

and from each of these equations a difierent one of Uie three arbitiai; 
constants a, 6, e, has disappeared. !\ow let us seek that particular 
equation of the third order in viiich the constants h and e shall be 
absent; this will be bad by differentiating (I), which gives 

or by differentiating the second of (2), which gives 

20* — X ^ = 0, or 2fl — ^ = 

the BBme as before ; hence (I] and the second of (2) are (he two 
first primitives of this differential equation of the second order. 
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OBArTBS XXZ. 



ON THE INTEGRATION OF DIFFERENTIAL EQUA- 
TIONS OF TWO VARIABLES, AND OF THE 
FIRST ORDER AND DEGREE. 

(84.) A difierential equalion, whatever be the number ofTariablea 
it may contain, may obviously always be integrated irfienever we can 
either separate the variables or render it on exact difiereDfial. In the 
former ease the integration will be reduced to that of a series of differ- 
entials of one variable, and in the latter case the integration is effect- 
ed by tba method pointed out in the last chapter. We shall here in- 
quire how equations of the first order and degree containing two vfr- 
riablea may be thus prepared for integration. 

Separation of the Variablea. 

(85.) We shall first consider the general fonn 
Xdy + Y dx = 0, 
which is the Enmplest for which the variables are separable : X being 
afunctionofx without y,{mdT a function of y without x. 

Dividing this equation by XT, the product of the coefficients, it 

becomes. 

dy dx _ 
_ + _ _ 0, 

an equation in which the variables are separated, therefore 

/*+/? = » 

is the sought int^ral or equation between xvnA y. 

As a particular example let the equation (1 -]- x^ <^ = y ■ dc be 
proposed. 

Dividing by the product of the coefficients the equation becomes 
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faence by integration, we have 

2y^ = tan.-' x+C 
the required relation between x and y. 

(86. ) The following is another general form in which the variables 
are readily separable, viz. 

XT dy + X'Y'dx = 0. 
For dividing by XY' the equation becomes 
Y dy X'dx 
~T~ ' 

where the first coefficient b a function of y without x, and the second 
function of x without y. 

As an example let the equation be 

r'y dx + {3y + 1) i* dy ^ 0, 
which belongs to the above form, since the coefficient of each difier- 
ential is the product of a function of a: by a function of ^. Dividing 

^y y * I it becomes 

y 

and taking the integrals, we have 

I X* + 3y + log. y = C 

the required relation between x and y. 
(8T.) In the form 

dy + Xydx = J.'dx.... (1), 
called a linear equation, because y enters only in the first power, the 
variables may be separated. 

To effect this separation put z = ^, X, being an aibitnuy fimctioii 
of z, then 

y = aX, .-. (^ = xdS., + X^oU, 
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and the {woposed will become 

rdX, + X, (ds + Xz dx) = X' dx. 
Now if the arbitrary fimctiou X' be determined from the conditioD 

4dX, = X:<ir, then X, (di + Xs d*} = . . . . (2), 
from which last equation we get 

— ^ — Xttc ••• log. * = — y Xdr, 

that is passing from logarithms to the numbers, these all being powers 
of the bafle e whose exponents are the logarithms 

Snbstilutiog this value of 2 iti the fitst of the equations (2) we get 
dX. ■= — = X e^^ dx 

.-. X, =/X'/"'(tr, 
but we assumed y = sX, ; hence, bj subadtution, 

S = ."'"'!/x/"'dr! (3), 

which expresses the relation between x and y. 

To this form may be reduced the more general form 
di, + Xydx = X's"*' dx . . . . (4). 
For substituting 

z for -T •'•y = -r- ■'■ ay = [ — 

^ ^ ns"*' 

the equation becomes 



or multiplying by — m" , 

dx — nXa dx = — nX'dr, 
which agrees with the form (1), and consequently, by (3), 

yn 
We dtali add examples of the foregoing fwmif. 
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EXAMPLXS. 

1. Given 

dy + ydx = a^ dx 
to detennioe the relation between x utd jf> 
Id thia example X = 1, X' ^ fu^^ 

.■.fj.dx = 3* .■./X'e'"'dr = afx'tfdx = (ex. 2, p. 66) 
oe- («> — at* + 6i — 6) + C 
.-.y =a{x'—3x' + 6a; — 6) + Ce— , 
which is the relation between x and y required. 

2. Given 

(l + a^dy — yxdx = adx 
to determine the relation between x and y. 
Here 

V- " y - " 



e4T.) 



.-.fXdx = — log. V 1 + jJ -•. e = — J— 
but by logarithms 

.../iv"-* =/^;^^ = -^^yt^ + <= <•" 

.-. y = <w + C -/I + x", 
the relation required. 

S. Given dy + yAr = xj^dxUt determine the relation be- 
tween X and y. 

* ItUiuelMi taftddBcoantantti>tbeiategnJ<^X<lc,f<)irappawwfldollii* 
•nd wnte thus the inl«^«l so coiii[4eted P + c, tben Ibe genml fonmik (3) 
maj be written 

y = e-' •e-'J/X'e^-«<<iFi 
= «-'I/XV(b(. 
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This equation comes under the foim (4), and we bave here 
X = 1, X' = X, n = 2 

see ex. 5, p. 5fi ; heoce, by die formula, (5), 

the relation required. 

(88.) The summalioQ of some extensive classes of infinite series 
may be made to depend on the integration of linear differentiid equa- 
tions ; we shall here give an instance or two. 

4. Required the sum of the infinite series : 



■■dy — xydx = 



By difierentiatin°: 

Transposing the first term and dividing by x, 

wbicli is the proposed series ; coasequently, 
■<» 

and diua the sum of the swies depends upon the integration of the 
linear differential equation 

dy — a:y (tr = dx, 
in which 

S = _ ^, r = 1 . ■. / X dr = — i a» 

.■./XV"*(tr =ft-Vdx .: y = e^''}/e"'-(i*f. 
This, although an analytical expreasionfor the sum of the series, does 
not, howerer, enable us to exhibit that sum in finite terms, because 
the integral within the brockets can be expressed only by series. 
The proposed series, will, however, at once ^ve us the development 
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(^thisintegral, or of th« integral /e-'^dz, by putting X v/2{orx>for 
we shall then have 

6. Requited (he sum of the infinite series 

y= 1+— iT + , I ,; J^H — >"j_ n / _i_ - j T'^ + *tC' 

■" n »(n+l) «(«+l)(«+2> 

Multiplying by tr~', 



Differentiatingt 



Multiplying this by x" 



^ + C»-l) »!"=(»- !)«--' + » 



lb 



m (m + 1) 



-'•- + &C. 
Multipljdng now by dx, and integrating, 

Thraefore, by difieientiating 
jj-i J + (n_l) y^^ = (n— 1) »-* + *" J + WW— y 
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iriiichia alineardifferentialequ&tioiiHgTeBiiigwith tlierorm(l), and 
in which 



•••/^^='»-"/i(^-"/7^ 

(« — 1) log. »- {»- 1) log. (I -I) + 
■»log.(l-.)= „ '°«--^' . ^^= ■^' 



;. (1-.)- ■ (1-.)-— " 

coiuequenlly 

die integral within the brackets bemg that of a rational fracfion ; it 
must be corrected, so that y may be equal to 1, when x = 0. 

6. Given 

dy + yda: = ajfdx 
to determine the relation between x and y, 

!f = C«-* + J^ — luT-^ + n {n — 1) j;^ — fcc. 

7. Given 

% "~ \ — y^" ~ ^^' 
to determine the relation between x and y. 



' (I — *)" o+ I' 
8. Required the sum of the infinite series 



^ + ji^ = ,U 
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to detemune the relation between x and y, 

(89.) In addition to the foregoing general forms, the separation of 
the variables may always be effected in differential equations of the 
first order containing two variables, whenever they are homogeneous. 

In order to establish this, we must first prove that if u be a homo- 
geneous function of x and y, the degree of homogeneity being n, then 
ti may always be put under the form 

For suppose the homogeneous function to be developed into a series 
of monomials, such as 

At^y, Bx'^/, Cx^y, &c. 
then, by virtue of the homogeneity* 

J, + q=: r,,p + g* = n,p" + q" — », &c. 
If now we divide each of the terms by a", the first will become 
A.x'y' _ Ajf* _ Ay _ 



x" x^" 

and the others will become 



A (2)% 

e'. c 0.", &c. 



HO that we shall have 

^ = F,S,...„ = .P,|, 

Let now the equation 

PAe + Qds = 
be proposed, in which P and Q are homogeneous functione of x and 
y of the degree n. 

Then, dividing by x", it takes the form 

Fc|)(fc + /(|)* = 0, 
Of, BubstitutLug 2 for =^ 
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F2<l» + /ais = or F« +/»4 = 



»=. 



In order to elimmate dij, let us differentiate the equation — = x, or* 
rather, y = xx, aad we get 

' it' 

reduces it to 





dx 


'^1^' 


which, substituted i 


n the foregoing equation, i 




Fr +fz (z 


+ ^) = ' 




xdz 


F. + ./. 




''' dx ~~ 


fi 




dx _ 


d^fi 



fi + 'fo 

an equation involving the same relation between x and y as the pro- 
posed, and in which the variables x,xare separated, and which gives, 
by integralioQ, 

so that, after having obtained the integral on the right, we shall only 
have to substitute in the result - for 2, and we shall then have the re- 
lation between x and y sought. Let us apply this general process to 
a few particular cases. 



EXAMPLES. 

1. To detennine the relation betweenxand tf m the equation 

X — y 
Multiplying by « — if, this becomes 

{^ + yx)i^ = {xy~'fidx, 
which is homogeneouB, and of two dimensions, therefore, dividing by 
X*, we have 
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(I +!><!» = 


<!-^)*. 


that u, subititntiiig s for K 






<'+">E^ 


= («-A 


but,! 


ince 






, = „...|, 


=-^^ 


hence 


>, b7 substitution and division. 






-^ = 


«(!-») 




l+i 




nfe_ 


2«" 

1 + a 




<k 


■ + 'j 



consequenti; 



, 1 pdz 1 j*dx 1 1, ,„ 



which.is the relatjon required. 
3. Givea 

icdy — ydx = di: ^al' — if' 
to detennine the relation between x and y. 
Dividing by x, thia equation becomes 

dy — — dx= dxi/\ — -J-, • 

or, BobMituting z for - , 
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• ; log. X = sink's + C = aiD."" - + C, 
the relation required. 

It ou^t to be remarked, that if any function of-, unmixed with the 

vaiiables in any other form, enter an equation which would otherwise 
be homogeneous, the equation may be treated as if it were homoge- 
neous, and the relation between x and y will be determined ; the fol- 
lowing example will illustrate this remark : 
3. Given the equation 

xiidy~y'dx={x + yye ' dx 
to determine the relation between x and y. 
Dividing by x" and substitutmg s for -, we have 

z^ = z>+il + x)*ti-, 

that is, since 

dy _ , xdx 
dx dx 

. ~.zdz = {l + *)"«- 

dx _ e'sdz 

■■■ X (I + zy 
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4, Given 

sdy — ydr ^ dx V** + y* 
to deteraune the relation between x and tf. 
^ = aCs + C". 
9, Given 

ydy + {x + ^)dx = 
to deteimine the relation between x and y. 



6. Given 

jr" A( = 3yi tfcr — *■ dy 
to dateiBBine the relation between x and y. 

y" — 2*' = Cyi 
(90.) Equations may sometimes be rendered homogeneous hf 
means of certain aubetituliona. Thus the general example 
(ww + ny + p] dx + (ax ■{- by + c) dy = 
will become homogeneous, if we put 

x = x'+a,y = y- + ^, 
and then determine <x and y3 from the conditions 

p + ma + B^ = 0, c + ffla + fc^ = 0, 
for it will then become 

(bw' + ny*) dr' + (ox' + ty') dy" = 0. 
(91.) Let us now examine the different integTd>le cases of 

The Equation ofRiecati. 

.ds + bfdx = turdx.... (A). 
I. Let m = 0, then this equatim becomes 

dy = 6y* dx = adx .: dx = fir* 

where the variables are separated, and, by integrating, we have for 
the relation between x and y. 
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2«* * + C = log. {J + biy)— log. (a* + &* y). 
S. When m ia not 0, let us inquire for what values of m the 
vqiution may be rendered homogeneous. For this purpose put y = 
2*, and it becomes 

ia*-' d* + 6«" (ir = or- dr, 
which cannot be homogeneous, unless 

k—l =2k — m.\k = — l.:m = — 2i 
hence the only case of Riccati's equation that can be rendered ho- 
mogeneous is 

dy + b^dx = (W~* dx, 
which is rendered bo by the substitution of 2~' for y. 

3. Besides the case I, above, which is the simplest for which the 
variables are sepaiuble, Euler has fouiid an infinite number of other 
cases, in which the separation is possible. To discover these, let us 
assume 

, = -^«' + |l — (1), 

odter of the variables x', y' being arbitrary, then 

dy = — 2x-y'djf — x"'dy+~. . . . (2), 
and 

Now, by adding to the first of these equations the seccHid multiplied 
by bdx, the sum of their second members will bo equal to the first 
member of the proposed equation (A). Let us see, therefore, 
whether we cannot assume for the arbitrary quantity x* such a value 
«s may render the result of this addition similar in fonn to the first 
member of (A), as well as equivalent to it in value.. The suitable 
expression for V is easily perceived to be 

, 1 1 ,. bdx 

X - -.: «= — .-. tie = ^ .... (4), 

lor, multiplying (3) by this last, and adding the product to (2), we 
shall have 

35 
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or 

dy + by^dx- = ax^-'^th' .... (5), 
which equation is sinular to the propoeed, and baa the same coefii- 
cienta a, b with the same sigos. By meaoa oT this transformation it 
appears from the first caae that the proposed is integrable when 
— m — 4 =0, that is, when m = -7- 4, and generally that for what- 
ever value n of ra the proposed becomes integrable, it also becomes 
integrable for another value, viz. that given by 

_», — 4 = n.-.m = — n_4 . . . . (6). 
It appears, therefore, from what has now been said, that whenever we 
have anycaseofRiccati's equation that maybe compared to the form 
(6), it may be inunediately changed to the form (A), the variables in 
the transformed equation being related to those in the proposed as in 
(1), (4). That is, the equation 

dy+bfdx—ajr^eLe .... (7) 
is the same as 

dy- + bjr^djf = ot'-dr' .... (8), 
in which 

j/ =: _ and y' = ^ yi? + -j. 
Again, aasnme in the equation (A)* 

5=±l...dj=±^....(g,, 

and it becomes 

^F (t/' -|- byx = ai'a^dx, 
inwlucli.ifwepat 

^' = !k' .•.^dx = - *" .... (10), 



=F %'+ „ , , "' = — TT ^^'' 



^^liTT^^'^^-^' 
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Now it may be remarked here that the onl; integrable caaes of 
Riccati'fi equation hitherto discovered, aod which we ore about to 
exhibit, are those iti which the exponent m is uegativet and numeri- 
cally greater than unity, with the osceptioD of the /undamwital cose, 
m = 0, already considered ; therefore, since, in the equation (11), 
m + 1 is necessarily negative, it follows that when the upper sign 

baa place, that is, when — ^ is put for y in (A), then in the tranafonned 

equation (11), the signs of the coefficients, in the firat and second 
members, will be respectively opposite to those of the coefficients in 
the second and first members of (A). But when the lower sign haa 

place in (11), that is when ;- ia put for t/, then the coefficients 

in the first and second members of (11) have respectively the same 
signs as those in the second and tirst members of (A). Hence it 
follows that whatever be the signs of a, 6, we may always infer that 
the equation 





*' 


± ■ 


»+i»''*'- 


ia 


. the aams as 








iij- + ij-<i»- 



m+l • 



>■' and y" = ± - 



. (12) 



abstraction being made of the signs of a and h. 

It appeara, therefore, that whenever (12) is integrable, (13) is also 
integrable, and we may now show that there are an infinite number 
ofintegrable caaes of Riccati's equation. For, let» be one ofdje 
tnte^^lfi cases of ( 1 2), then 



m+l " »+ 1 ' 



■ (14). 



SO t]iaf by (13) this value of m belonga to an integrable case. 

The integrable cases hitherto found are those where the exponent 
is eithei; or — 4, the first put for n in this formula gives no new 
case, but substituting the latter we have 
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— — * _ * 

"""-4-1.1 --3' 
which ia, therefore, an integrable cam ; hsnce, putting this value for 
n in (6)1 we have another iutegnble case, viz. 

3 3 

PuttJDg this for n in (14), we hare another integrable case, viz. 



-5 + ' 

and thus, by using alternately the expressions for m in (6) and (14), 
we find that besides the two cases in which the values of m are 0, 
and — 2 the equation is also integrable, when m ia any term in the 
infinite series 

* ^ S 12 12 16 , ,,K, ' 

the general term being the negative number 

29 ± 1' 
wtuch wo may consider aa the crittrioa ofinlegrtAility ofRiceatPi 
equation, when tn is neither Dor — 2, 9 being any aumber in the 
series 1, 2, 3, &c. 

It must be observed that the first, third, fiflh, and all the odd tettna 
of the series (15) arise from the formula (7), and the second, fourth, 
sixth, and all Ihe even terms, from the formula (13), so that when, in 
any proposed case, m is an odd term of the series (15), we tnust 
compare it with (7), and deduce the transformed equation (6), the 
exponent in which will be the preceding term in the series (15). We 
shall then have to compare this reduced equation with (12), and de- 
duce the traDsformation (13) io which the exponent will be the next 
preceding term of (16], we shall, therefore, return with this equation 
to (7), and so on, alternately using the forms (7) and (12) till at 
length the exponent in (7) becomes — 4, when the transformation 
(8) will be the final equation, and will be immediately int^rable. 
An example will clearly illustrate this : 
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EXAMPLES. 



(91.*) 1. To detennine the relation between X and tf in the equa- 
tion. 



Since the exponent m = — -is found among the terms of the series 
(16,) we are sure that the proposed ia an integrable form, and ourob- 
ject is to reduce it by successive tranfonnations to the fundamental 
form, tn = 0. In order to this, as — ^ is an odd term of the series 

we must commence these transformations by comparing the proposed 
with (7), so that 

o = 2, m + 4 = -.*. m = — - and 6 = 1, 
3 3 

and (he first transfbimation (8) is 

dy- + by'^di:-—2x'~^ . . . . (l)i 

comparing this with (12), we have 

;rTT = '• ^ = " """-iirTT = 5 

from which we get 

o = — 3, b = — 6, m = — 4, 
80 that the second transformation (13) ia 

dy" — 6y"' dx'' = — 3x"-* dx" .... (2). 
Betuming with this to equation (7), wehavefor thefinaltranafomu- 
tion (8) 

dy"-—ey'"*dj^-' = — 3dx"- .... (3). 
of which the primitive is 

It remains then to substitute in this equation, for x"', y"', their proper 
values in terms of x,jf. From (4) and(l) we have 
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■bo 




- = ^./-=-»--^ 




and fiwn (9) and (10) 












hence, by subatitutiiig these values m the equation (4), 
foUowmg equation between * and y, viz. 


we have the 


>-*- '..w.c'-'*<^^^-'*>'> 


-»•) 



6 + jft (3 ^/ 2 +■ »*) (1 — yjt) 



6 %/" 2a:"* = 6 n/ 2*"^ log. e = log. e' 



the equation may be written thus, by passing from the logarithms to 
the numbers 

^•/u-i ^ 6 + x*(3V2+»i)(l-y:.) ^ ^ ^ 

6 — I* (3 v* 2 — a;^) (1 — yx) 
2. To detenuine the relation between x and y, in the equa- 
tion 

, , , , 'fdx 



*a:(^-l). 
3. To determine the relaticm between x and y, in the equa- 

dy + ^ dx = — o" *~* 
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4. To detemuDe the relation between x and tf, in the equa- 
tion 

dy={f+ 2x~^) dx 

3^/3 ^ _, x^ + yj:^ — 6 

; — = tan. ' + C. 

x^ 3V ix" {xy + 1) 

It may be observed before tenninating this article, that every equa- 
tion of the form 

dy + bf x/' dx = ax' dx . . . . (B), 
wMch indeed is the form in which the equation which bears this name 
was proposed by Riccatl, may be reduced to the simpler &rm (A), 
by substituting 

for di 3? dx, 
for thus we get 



and, difierentladug this last equation, we hare 

z^d. 



and these values, substituted in the equation (B) transform it to 

^y-^b^dx = a{q + ly t' dx, . 

which agrees with the form (A), page 296. 

Having now considered the principal cases of difierentialequBtiom 
of two vaiiables, which may be integrated by the separation of the 
variables, it remains to examine those equations which may be coi^ 
verted into exact differentials. 
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On fWMi«nti^ Differential Egualiont exact. 

(92.) Eveiy diSerentia] equatioQ 

Mdr+ Ndg = . . . . {I) 
necessarily implies a relation betweeo x and y, which relation exhi- 
bita the primitive of that equation. It ia not Decessary, however, that 
(1) should arise from this primitive by direct difierentiation, it may 
arise from eliminating a constant between this primitive and its direct 
differential, and if so it will not satis^ the condition of integrabili^ 
(78) which has place only for correct differentials. The relation, 
however, between x and y is the same both in the direct and indirect 
differential equation, as already observed at page 175, and on this 
account it is easy to see that the one ought to become identical with 
(he other, by introducing a factor, but that a &ctor will render every 
difierential equation exact may be directly proved as follows : 
Divide the equation ( I } by Ndx and it becomea 
p' + K = . . . . (8), 

K being put for -^, and let us suppose that c is the cfostaot, by the 

elimination of which from the primitive F (x, y) = and its imme- 
diate differential the equation (1) or (2) has been produced. The 
same will be produced if we solve the primitive for c and differentiate 
the result ; that is, putting the primitive under the form e =f(x, y) 
and difi^rentiating, we have 

= Pp' + Q.-.p' + ^-p'+K, 

diatis, 

Pp' + Q = P (p- + K), 
but the first member of (his equation is die exact differential of/ (x, 
y) ; hence the second member is the eiact difierential of (he same 
fbnction, so that there always exists a factor P which will render any 
proposed differential (1) integrable. 

Besides the factor P, there exists also an infinite number of others 
Out will render the proposed integrable for representing the integral 
<tfHPdK+ NP(^ = by u, we shall have 
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du = MPdx + NPdy, 
and multiplying each member by any arbitrary function of u, ifv we get 

^adu=(fu {MVdx + NPrfy), 
and it is obvious that we may assume 4111 of an infinite number of 
values that maj renderthetirat member of this last equation an exact 
differential, and consequently the second member also. 

As to the determination of one of these factors z, in the first in- 
stance we know that since Mxdx + Nzdy is an exact differential, we 



muBt have the condition 










d.Mx 


d.St 








dy 


dx ' 




thnti., 












Kdz 


j_ jJM 


dx ^ 


lis 




'W 


+ -*-' 


sr 




•■•'(-ar- 


^) = ''£-« 


dz 

s ■ 



fivm which equation we can deduce a value for z in particular circum- 
stances, viz. 1st, when this (actor happens to be a function of only 
one of the variables, and 2d, if the difierenlial expression is homoge- 
neous. 

equation (3) we deduce 

rfM _ dN dx_di 

so that the first member cannot contain y ; hence, if there exist a 
iactor x which is a function of x only, we must have in the first place 
the condition 

,f-f,. « = ......<.,, 

and then to determine t we have the equation 
log. a =f¥xdx. 
Iiet us take a partjcular case or two of this kind. 
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EXAMPLBB. 



1. To determine the pnmitive of the equatioD 
ydx — xdy — 0. 





.dM 


dS, 1 


2 




l^- 


"S7> N- 


— ar 




.■.legr = 


1 


...^ 


therefore, 


, miiltiplTiiig the proposed b^ thii 


), we tiare 




s^ 


=f4l = o. 





of which the integral is 

1 = 0. 

2. To detenaine the primitiTe of the equation 
M^ + (6 — 2y) d» = 0, 

*dy da: * N « 



therefore, multiplying the proposed by this, 

5+ (6-25)^ = 0, 
iHuch is an exact difierentiBl, the primhiTe being 

i-.± + c = o. 

3. Let the linear equation 

di, + Fydx = Q,dx 
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be proposed: 

' dy <li * N 
.-. log. 8 = fPdx ,: z = e-'"'^, 
tberefore, multiplTing the proposed by this, we have 

e/«« dg + y ef^ Pdx = e^^ Q(ir, 
of which the primitive ia 

or 

» = •-'"•!/.'"■ %'i- 

It muat be observed that 2 ia not necessarily the factor which will 
render the equation integrable, aJthough the candition (4) have placet 
for there may not exist any such factor : we cannot affirm therefore 
that the proposed ailer having been multiplied by the factor £, as de- 
termined from that condition, has been rendered integrable till we 
hare submitted it to the criterion of integrability (78). The follow- 
ii^ example from Jephaon's Fluxionai Calculus is not to be rendered 
integrable by any &ctor which ia a fuactioa of x only, although the 
condid<»i (4) has place. 

4. Let the equation be 

aydx + 2axdy = xydx, 
.dM_^ J_ = J_/„_ _2 \- « + '^ 



and if the proposed be multiplied by thia, the result will not satisfy tl 
condition of integrability. 

5. To determine the primitive of the equation 
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6. To determine the primitive of tbe equation 
ay dy + (c* — Inf) dx ~ 0, 

(94.) Let U9 now coneider homogeDeouB difiereDtial etjUHtioiis. It 
may be proved that oquationg of this kind may always bo rendoTed 
integrable by meana of a homogeneoua factor, and b^ the method of 
showing this is just as easy for any number of variables as for two, 
we may as well take the more general case. 

Let then the proposed equation be 

du = Md* + Nrfy + Prfj + &c. = . . . . (1), 
which we ehall consider to be homogeneous and inexact, and let U 
represent the factor which ought to render du an esact difierential 
du' ; we shall then have 

C dti = U Mdx +iU Ndy +\J Fde + Sic. = du.' = . . . (2). 
But from the pivperty of homogeneous differential equations, demon' 
Btrated at (80), we have, by putting n for the cle^«e of homogeneity 
oft*', 

UMx + TJNj + UPa+ &c. =n«' , . . . (3); 
hence, dividing equation (1 ] by this, we have 

Ma: + Nj + Pj + Stc »«''•*■ ^^' 
Now the second member of this equation is an exact differential, its 
integral being — log. u', consequentiy this equation shows (hat the 
factor U. requisite to render ( 1 ) an esact differential, ia 

~ Mx + Ny + P* + &^ 
If there are but two variables, the requisite factor to render 

Mdr + Ndy = 
an exact differential is 

1 
M» + Ny' 
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If the degree of bomogeDeity, », of the sought integral ehould be 0, 
this process beconws inappUcable (80). 

When it so happens that the factor thua deduced is oo or the de- 
nomiuator of U is 0, it beconie useless, as we require a iimte factor, 
and this maj in such casea be often otherwise discovered. Thus, 
taking the equation of two variables 

M(tc + Ndy = 0, 
if we find that 

M:t + ]Vf, = o.-.N = — M-, 

so that die proposed may be put under the form 

which will obviously be ao esact difTerential if we multiply it by a 
factor U capable of rendering UMy equal to a function of-, andeuch 
a factor may often be readily discovered. 

EXAMPLES. -« 

I. To determine the integral of the differential equation 

(ji + y") d^_ (a^_yx) dy = 0. 
In this example 

JA=yx+f,N = — r' + xti 



.-.V =-, 



therefore, multiplying the proposed by this factor, we have 
dx xdy dx dn _ 
2y 2i^ "'' 2» ''' 2y ' 

of which the integral is (79) 

^ + log. ly = C. 
2. To determine the integral of the differential equation 

{r^ + V')dx~{x> + xy') dy = 0. . 



iM,Googlc 



406 T«B mTBUBAL CALCDUW. 

H«ra 

M = y C** + y^. N = _»(«* + 5«), 

Mi + Ny = 0. 
and therefore, aa above, the proposed may be put under the fonn 

and we have now to discover what factor U, will make 

It is eaaj to perceive that t/' x* is such a factor ; multiplying by it, 
therefore, and we shall have, to integrate the equation. 



(1 + ^) <fa = 0. 
The integral of this is 2 = C, and, therefore, that of the pro- 



We need not multiply examples here, as the student may t^)ply 
Qua process to the homogeneous equations, integrated at (88), by the 
separation of the vatiables. It is easy to show that in every case in 
which the separation of the variables is possible, a factor may be found 
that will render the equation an exact differential, but we shall not 
seek this lactw, as the process would comprehend only that class of 
differential equatiouB which we know may be integrated by separating 
the variables. 

As every differential equation of two variables is capable of being 
rendered an exact differential by means of a factor, and as unfbrtu- 
nately analysis in its preaent state furnishes us with methods of fiod- 
ii^ tlus fector in but few cases, analysts, and especially Eiuler, have 
been induced to consider the inverse problem ; that is, instead of 
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seeking for the factor which would render a differential equation inle- 
grable, the; hare sought the relation which ought to exist among the 
TBiiables and diiferentiala of an equation, given inform only, in order* 
that a factor given also in form might render it integrable. But, ob- 
serves M. Peacock,* " these investigations frequently involve difier- 
estial equations, which cannot be integrated by aay known method, 
and it cannot be said that the cases in which they are successful are 
of very great impoitaace or extent. In order to ensure this method 
all the success of which it is capable, it would require a very com- 
plete classification of the forms ofdiflerential equations of the first 
order, as well as a knowledge of the forms of the multipliers which 
are suited to each class. The immense extent, however, of this in- 
quiry, and the difficulties which are met with, even in the simplest 
cases, preclude all hopes of its proving of much service in the general 
integration of diSercntial equations of the first order." On (he mverM 
mtlhod of factors the student may, however, consult Z>u&i>iirgw! J C<U- 
eul, Diff. el M. torn. 2, p. 88, aadJ^lison'a Cidevius, vol. 2, p. 145. 
(95.) Before terminating the present chapter, we shall remark that 
we have sometimes to differmUale under the tign of integration, d>at 



this is done as follows : 
Since 

du 

*i = Mand-^ = -^ = 15f^ = ^, 
ax d»/dx dady dx dy 

we have, by multiplying by dx, and integrating as regards x, 
ay J dy 

* Exmifiltt ojtht a^litatimofthe D^erm^^and bUgr»tCAni,xu,\tjQoorp 
Peacock, «.H., FM., &c &C., p. 340. 
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OHArTBB IT. 



ON THE GEOMETRICAL APPLICATIONS OF DIFFER- 
ENTIAL EQUATIONS OF THE FIRST ORDER 
AND DEGREE, AND ON EQUATIONS OF 
THE FIRST ORDER AND HIGHER 
DEGREES. 

(96.) Before we proceed to consider diSerential equattona of the 
higher orders and degrees, it will be desirable to present to the stu- 
dent ft few geometrical problems of which the aolutionB depend upon 
the principles taught in the preceding chapter. 



To detemiine the curve whose tangent is a mean proportional be- 
tween the part of the axis intercepted between it and a given point, 
and that same part augmented by a given line. 

Let the rectangular axes originate at the given point, and let a de> 
note the given line. The distance of the origin from the intersection 
of the asis with the tangent will be expressed by the difierence be- 
tween the subtangent and abscissa, that is, by 
dx 

hence, by the conditions of the problem, the difierential equation of 
the required curve is 



_ (a — tx) alii — (g— I) »% 
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and, OS the second member ii an exact difierentud, we have, by inte- 
grating, 

y = ^^JzAl + C .-. y* = (a - T) * + Cj, 

therefore tbe equation of d>e cuire is 

y» + ar'— (ar+Cy} = 0, 
which ia, therefore) a circle passiiig Ibrou^ (he origint and of ^riiich 
the coordinates of the centre an: ^ o, ^ G, {Anai. Otom.) The do- 
t«inination of C requires an additional condition. 

FROBLBM II, 

To deteimine the curve of which the normal is equal to that part 
of the axis of x intercepted between it and the origin. 

The part of the axis between the normal and the origin ia the sum 
of the subnormal and abscissa ; it is 



'- + : 

also the expression for the nonnal ia 



y%^ 



^y' + y-^' 

hence the differential equation of the curve is 



' "dx ' 

or 

t^dx — 2xsdy — 3^dx=0. 
This equation is hoinogeneouB but not an exact di&rentia]; hence, by 
(94), dw integral is 

eooaequentl^ the required curve is a circle pasni^ duoug^ tlM ori- 
gin, and of whieh dw radiiu ia C, ai^ arbitraiy line. 
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On Trajeelories. 

(96.) A trajectory is a curve which iDtersects a given foinily of 
curves all in the same constant angle. 

Let the general equation of any family of curves be 

F(x,y,«)=0 (1), 

a being the aibitraiy parameter, aod let the sought curve be such as 
to intersect each of these in the constant angle tan.~' a. Let us Urat 
consider some individual curve of ths fiuuily (I), a, having a fixed 

value, then putting p' for the -p derived from its equation, in order to 



we have {•Anai. Gconi.) 

dx~ 



.... (2). 

Now whalever bo the sought curve, this equation, in conjunction 
with (1) will obviously detennine the point {x,y) of intersection with 
the individual curve. It follows, therefore, that if we eliminate the 
parameter a, by means of these equations, the result will be the locus 
, of these points for all the curves of the family (1), that is to say, it 
will, be the equation of the trajectory sought. 

If the constant angle of intersection is a right angle, then a = <Z) , 
and consequently from (2) 

'+j's='' — »■)• 

and eliminating a, by means of this and (l), the resulting equation 
wiQ be that of the rectangular trajectory. 

It may be here remarked that instead of leaving the elimination of 
« till we come to the equation (3) or (3'), we may previously perform 
OieelimiiiatioDby means of(l) and its difierential coefficient p', since 
p' u the only term in (3) into which it can en(er> 
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To detennine the curve which intersects at a right angle every 
straight line of the family 

y = ax (1). 

that is to say, all the straight lines that can be possibly drawn throuj^ 
the origin. 
By differentiating this equation, we have 

p' = a (2), 

therefore, eliminating a by means of this and (1), we have 

f=?.-.(3),l+p-J=l + S.|^ = 
I ' ' ' dx X ax 

.: xdx + ydy = 0, 
which is the differential equation of the trajectoiy; hence, by inte- 
grating, 

so that the trajectory is a circle of arbitrary radius centre at the origin. 

PROBLEM IV. 

To determine the trajectory which intersects the series of straight 
lines 

in the oblique angle tan.~' a. 
Ab before, 

hence the equation (3) is 

d 1 + " 

— = ... (j _ ay) dy — i$ + ax)dx = 0, 

1 — a- 

vtxib ii the diffirential equatim (rf'the sou^t carve. By integmt- 
ing this (89), we have 
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ton.-' I = ■ log. C %/** + V, 

but a times the byp. log. of any quantity ii equal to the log. of the 
same quantity in the eystem whose modulus ia a ; hence, calling the 
hue coirespoading to this modulus b, the foregoing equation is the 
same as 

Log. h tan.-" ^ = hog. C Vi> + y>, 

or, putting 

VPTs^ = r, and tan.-' - = w 



C being arbitrary. If we assume it so that r = 1 «4ien w = 0,thea 
C = 1, and the equation becomes 

b" = r, 
which is that of a logarithniic spiral ; b bemg the base of the ayatem 
repfesenled, a = tan. Z P (we Diff. Caie. p. 119t} the modulus, 

and ton.-* - = w being die angle PFA. 

rnOBLKK T. 

To determine the rectangular trajectory of the system of parabolas 

Here 

» . s* . s 

« ^ - and a ^ ^ .•- P ^ -=-. 
Hence the equation [3') is 

l+|-.^ = 0.-. 2x(iF + ydy = 0, 
whidi is the difierential equation. Integrajing this, wa have 

2i» + y« = C, 
dia eqaatitm of an dlqwe, of which the centra is at the c«nnK«i mrtn 
(^diBT«iial>lepamb(dBB,aDdof^iichtheaxesareS\^Cand v^aC. 
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Aa C ui aibitmy Ibera are, as usual, an infinite number of elliptic 
trajectories, but in all, the azea are to each othffl as D to ^/S, or aa 
>/% to 1. 



PROBLEM Yl. 

To detMiniiM the rectangular trajectoiy of the series ofpusbcdM 
whose general equation is 

The trajectoiy is the ellipse mj" + «*• = C. 

PROBLEM yii. 

To detennine the rectangular trajectory ofa series of circles all 
touching a given straight line at a given point, 

Aujr circle passing through Ibe given point, and having its centre 
on the given line is a rectangular trajectory. 

bUtgraiioK ofDifftrmUal EqwUiont oftht Firtt Order and of the 
Higher Degrea. 

\9J,) The moHt general form of a difierential equation containing 
two, variables, and of the nth degree, Is 

g- + P^+....+M§^+N = 0....(l,, 

and such an equation we know (82) cannot be the immediate differ- 
ential of any integral, but must be derived fixjm its primitive by the 
elimination of a constant which enters it in the nth degree. This 
eUmination may be considered to be performed thus. The primitiTe 
being solved for the proposed constant C we shall have, in conse- 
quence of G having n roots, n expressions {or C, in tenns of x and y, 
from all of which C will vanish by differentiatiM], and we shall thus 
have n di&rential equations of the first degree of which the integral 
of each will satisfy, being indeed a &ctor of, the primitive, and their 
product will be the equation of the nth degree (1). 
Hence, to (etam from (1) (o tbe primitive, we must find its n com- 
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ponent factors of the first degree in ~, integrate each of these ai>- 

nezingthe same constant C and then multiplj' the n results together, 
and we shall thus have the complete primitive. The tbeoiy ofthis 
class of equations is therefore very easy and obvious, but the reaolu- 
tioD of (1) into its component simple factors, or, in other words, the 
•olution of an equation of the nth d^^ree, is a problem not to be ac- 
complished in the present state of analysis, except in a few particular 
cases. We shall give an example or two in these cases. 



,S. + 2.4_J=:0. 

"dx' dx ^ 

This being an equation of the second degree, the two values of ^ 
are determinable : they are 

dx~ y ' 

hence the component factors of the proposed are 

Ay 

which reduce to 

y dy + I Ji 
± — . . ■ ■ = ax, 
Vf + ^ 

and it is plain that the first member of this is the difiarential of 

± ^^ + *"; consequently the factors of the required priioidTe are 

± -/fT^ = X + c, 

of which the product is 

f = 2Cx-k-C\ 
It IB easy lo see, without further illusbBticm, bow (he {mmiliFe ia to 
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be obtained, when the proposed differeotial equation is resolvable into 
its constituent factors. Wlien this resolution is impossible, the 
primitiTe niaj^ nevertheless be obtained by analytical utifice, when 
Ihe proposed appears under certain forms. 



The solution may be effected when only one of the variables x or 
y enter the proposed, provided the equation can be solved for this 
variable. 

Put p' for the differential coefficient, then, as the equation contains 
but one of the variables, say x, and as moreover it may be solved for 
thiS) we may reduce it to the form 

a: = Fp' . . . . [1). 

Now since dy = p'dar, we have, by integrating by parts, the second 
men^r, 

y = xp'—fxdp' .... (2). 
Substituting (1) in (2], we have the equation 

S=p'Fp'-/Fp>' (3), 

it remains, therefore, to integrate the differentia] of a single variable 
Fp'dp', andthentoeliminatep'by means of (1) and (3]i the result 
will be the sought relation between x and y. 

It may be here remarked that if Ihe proposed equation is not so 
easily solvable for X, as for j^, then, instead of (1), we had better get 

p' = Tx -•. dy = Fx ■ dx, 
which immediately gives the required relation 
y =/Fx ■ dx. 
2. Given the equation 

x^ + x—1 =0,orxp'' + x — l =0 

to determine the relation between x and y. 
Solving for x, we have 



P- + 1 • 

Hence the equation (3) is 



. ■ (1)- 
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^ p" + 1 J p" + l 



= ~JL—._tan.-'p- + C (2), 

putting ID this the falue oip, funushed by (1), we have 

J = s/ x~^ — tan.-' V— 7 1- C- 

Iff in the case we are now conaidering, the proposed is not eolrablor 
either for x oi p, theo the artifice usually employed is that of substi- 
tuting xz for p', as by this means we obtain an equation of which all 
the terms, unless one is couatant, become divisible by a power of v^ 
and therefore the degree of the equation maybe depressed. If theui 
in this depressed state, the equation can be solved for z in terms of 
z, or for X in terms of z, we shall have, by si^istituting the result m 
the assumed condition p' = xz, either 

■ (1), 



^ = ^f,.:,=J,fid,....(a). 

In the first case the relation between x and y will be giren by com- 
bining (1) with the depressed equation. 
3. Given the equation 

' »-^ + »-g + ' = °- 

Hersi if we were to substitute yt for -^, we should be no mors abto 
to depress the equation than in its present form, because of the con- 
stant 1 ; but if we change its form by multiplying the terms by -^ , 
it becomes 

J^ + ^^ +*?■ = «• 

tk 
)r-j~,i 
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■■•s = 


--1 + ^ 


.... (1) 


hence, in virtue of the condition 




we have, by eubetitution, 
3 


* = »..% 

1 





The equBtioDs (1) and (2), combined, eipress the relation between 
X anci <f. To eliminate s we may first determine 1 + z* from the 
quadratic (2), and thus obtain the function of x, which equals the de- 
nominator of (1) ; and if 1 be taken from this function, the } power 
of the result will be the numerator. 

II. 

The solution may be efiected when both variables enter the propo- 
sed, provided they render the terms faomogeneoua with respect to the 
variables, and provided, moreover, we could solve the equation for x, 
if it were equal to tf. 

For, let n be the degree of homogeneitj', then, by substituting xx 
for tf, and dividing by xf, which must necessarily be a common factor 
of the terms, we shall have an equation between z and p', in which 
thshigbest power of > will ben; ifthen this equation can be solved 
fbr s, we shall hare 

z = Fp'.'.<b = dFp*, 
but, since 

y = la .*. dj = xiz -|- tda. 
or, substituting for z and dx the values above, 
ds =c xdFp + "Fp . dx, 
or, nnce dy = p'dx, this equation reduces to 

_ dx dPp 

[p-—Ff) dx = xdFp .-.- = p_Yj,-* 

98 
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whence 



'^■'=f^W 



and this, in coojunction with the assumed condition 

y = *Fp', 
fumishea the required relation between x and y. 
4. Given the equation 

to determine the relation between x and y. 

Putting XX for y, and dividing the result by a:, we have 

.-. ds = dp' + 

aod from the equation 

p'd* 



VI + Jj" 




= tdz+ sir 






1+p- 



we get 

dx ds 

and integrating 

log.* = —log. (p' + Vl+p'") — log. v/1 +j)'»+log.Cj 
hence 

C 

v'l+p^ (?■ + ^/l+p")' 
and this, in conjunction widt the assumed conditiou 

y = xz=x{p'+ \/l+p'') 
expresses the relation between :t? and y. To get this in a single equar 
lion, we must eUminate p' ; and, in order to this, substitute the value 
oix, above, in this expression for y, and it becomes 



i+,'= 






vi + p" 

hence, b; substitution, the eipression above for x becomes 

C + VC'-/ 
die lelation requirad. 
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Another integrable fonn is 



n which the fanction F-i^ contaiDS neither x nor y. This is Cim 



rauCsform. 

Bj difiereotiating thie form, we have 

l=f = ^' + 'f + f^f 

which equBtioa ieads equally to the two conditions 

Now the Gret of these contains no diSerential, for , , is the difier- 
dp 

ential coefficitnt of dp', and JB, therefore, a function ofp', so that, if p' 
beeUminatedbymeansof (1) and (2), the ,resultiag equation between 
X and y will certainly satisfy the propoaed, but yet cannot be the com- 
[dete primitive, since no arbitrary constant is introduced. The com- 
plete primitive must, therefore, be furnished by the olher condition (5). 

Now the conditiwl ~- = leads to p' = C ; hence the remark- 

dx ^ 

able fact, that in Clairaut's form the complete primitive is found, by 
merely aubstitutiug the ari>itniry constant G for p' in that form 



To det^mine the complete primitive of the equation 



SubstitutiDg C for p', we find for the primitive fte equation 
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y =; C* + o (1 + C»), 
u u obvious, for if w« differentiate this, we get p* = C, aitd tliia put 
(or C, in the equation, produces the [apposed. 
In like manner, the complete primitive of 

ydx — xdy = a[d3^ + df)^, 

y = j)'a! + a(l+p')*, 
is 

lY. 

We shall terminBte the present chapter by exhibiting the integral 
of the form 

s-Px + d. 

where F and Q are functions otp'. 
'By differentiating, we have 

dg = p'dx = Vdx + xdP + dQ, 
... (P _p') d« + jtdP + dQ = 

■•'^ + "P-p' P-p" 

This last is a linear equation (87), and, therefore. 



"''"^{/•''"^P^l 



consequently this equation, in conjunction with the proposed, ezfu^sses 
the relation between x and y, and if p' be eliminated therefrom, this 
rdatioa will be expressed in a single equalioo between tbe vuiables. 
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OHAPTBR T. 

ON lUE THEORY OF SINGULAR SOLUTIONS OF 

DIFFERENTIAL EQUATIONS OF THE 

FIRST ORDER. 

(99.) Every differential equation may be considered to have been 
derived from its primitive, by eliminating a constant between it and 
its immediate differential. Thus, if F [x, y, c) = 0, c being the ar- 
bitrary constant, is the complete primitive of the differential equatim 

/(„,,|)=0....(I), 

then has (1) arisen from eliminating c, by means of the equations 

■ (2) .... F (x,!,,0 = 0,^li^tLi> = . . . . (3).' 

Now if instead of the constant quantity e, any variable quanti^ were 
to be substituted in each of these equations the result of the elimina- 
tion of that variable would obviously be the same equation (1), so 
that, if c be supposed to be such a variable that the differential (3) of 
(1) may be precisely the same as when we supposed it constant, then 
diia variable value may be attributed to c, without affecting in any- 
wise the result (1) of its elimination. Let us then see whether it is 
possible for such a variable value of c to e.iist. By considering e n.- 
risble, as well as x and if, the differential coefficient derived fiom (2), 
relatively to the independent variable z, is 

dF (x, y, c) ^ dF{x,y,c) d^^^,^ 
dx de dx * 

and in wder that this expression may he the same aa would arise fiom 
differentiating, on the suppositioD of e constant, that is, in order that 
it may be identical to (3], it is obviously merely neceasaiy to deteiv 
mine e £rom the condition 

wlud CMtdhiMi maj b« Mtisfied upon «th« of the hypotheaM 
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The first ilxes a consfarU value for c, and therefore the requisite vo- 
riable value k to be determined from the secoad. This variable then 
put for c in (2), however it may alter the form ordegree of that equo- 
tion does not deprive it of the character of being an iategial of (1) 
seeing that this last arises from the combinatioa of (2) andits imme- 
diate difiereotial (3). This integral is necessarily different from the 
complete primitive (2), since in this c is an arbitrary constant, while 
in the other case, it is a certain function of x and y, determinable 
from (5). 

We see, therefore, that it is possible for a differential equation to 
have other integrals besides the complete primitive, but derivable from 
it by substituting in it, for the arbitrary constant c, each of its values 
given in terms of x and y by the equation (5). Such integrals are 
called imgvlar integraU, or tingidar loluUont of the proposed difier- 
ential equation. 

It must be here particularly remarked, that the value of e, as de- 
duced from the equation (6), is not Decessarily a fimction of the va- 
riables ; for c may be connected with these variables in F [x, y, c) 
merely by way of addition or subtraction, in which case (5) will im- 
ply^ ^ 0, the roots of which equation will be particular constant va- 
lues of c, which, substituted in the complete primitive, will funush so 
many pariictilar cases of that primitive ; these, therefore, will be but 
partic^ilar toluliont. Moreover the value of c, as deduced from (5), 
may appear under the form of a function of x and y, and yet be, in 
reality, a constant value; for the complete primitive, if solvedfor one 
of the constants a, which enter it, will furnish for the value of that 
constant a function of x, y, and c ; if, therefore, this function, by as- 
siuning any particular value for c, or, indeed, if any functiDQ q> of this 
function, agree with the function for c given by (5), then the substi- 
tution of fliis latter for c in the primitive is no more than substituting 
the constant (pa, and thus the solution is not a n'ngWar, but, as before) 
a partictilar solution, and would have been inmiediately furnished by 
the primitive, upon substituting fa for c. It is necessary, therefore, 
before we pronounce the result of the eliminatim of c from the equa- 
ti<»is (2) and (fi) to be asingularBolutiouof(l), to assure ourselves 
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that this same result cannot be obtained by the mere aubatitution of 
constant function for c in (2). 

It may be here remarked, that if the value of j or of *be deduced 
&oax the comftleteprimidve 2, we may write it 

!(+/(i.') = Oorx+/(j,c) = 0; 
hence the diflerential of either of these with respect to c only, that is, 
the condition (6) becomes either 

that is 

| = «,»| = o....(e,, 

SO that die values of c, corresponding to singular solutione, are (iir- 
niahed equally by equation (5), or by these two. 

There is one class of difTerendal equations which we can at once 
affirm to have no singular solution, viz. those into whose complete 
primitives the arbitrary constant c enters only in the first power; for 
in such cases e will be eliminated in (5) by differentiation, so that 
thia equation fails in this case to supply a value for c. We have seen 
(82) that equations of the first order and nth degree arise from primi- 
tives into which c enters in the nth degree. Hence do differential 
equation of the first order and degree can have a singular solution.* 
See JVoU D. 

Before proceeding further, let us iUustrate what has been said by 
an example, and let the proposed equation be 

ydx — xdy = a y/dx^ + dif, 

y = p'x + a s/l + p", 
ff\dch bemg of Clairaut's form, its complete primidve Is 

y = CI + o^/^T^. ...(1). 
To determine the singular solution, we are to eliminate between 
this result and 

dc "'■•"V l + c» -*'•■■'= Va' — r'' 

* It muBl not be forgotten, that in all our leoBonings on the tbeor; of difleren- 
&H eqnatioiiB, they u« consderod u treed from radicals. 
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aubathutiiig this in (1), we hove 

or 

y» + a* = <i» . . . . (2), 
which is the singular solution, foT it can never be comprised in tb* 
complete primitive (l)i since whatever value we give to c, that equa- 
tion always represents a straight line, while (3) represents a circle. 

As in Clairaut's form, to which the above example belongs, the 
complete primitive is always the same as the proposed differential 
equation, viewing the coefficient ji' in the light of an arbitrary coDstant, 
it is evident that in this form the singular solutions may be obtained 



If this were the casewithother forms as well as with that of Clairautt 
wa should then be able to determine the singular solutions whenever 
they exist from the proposed difierential equation, without heing at 
the trouble of first finding the complete primitive. Let us then ex- 
amine this point. 

(100.) It has been seen that the differential equation (3) is the same, 
whether c be constant causing (2) to be the complete integral of (1), 
or whether it be such a variable as to cause (2) to be the singular 
soluticH) of(1). In either case the ehmination of c from these two 
equations produces (1), so that if we solve (3) for c, calling the result 

c =9(a:.y.|>'), 
and Buhstitute this value in (2) we shall have (1) under the form 

« = F(*,y.B) (!■), 

where 9 is put for if (x, y, p). 

This equation being the same as (1), the original differential equs^- 
tion, it follows that if we substitute for p' which enters the function 9, 
its value as deduced from (l),when put under the form 

^ P'+/(*.s) = o. 

that is to say, the value 

p' = -fix,y], 
the expreuion for «, {I'), will he identically 0, that is, indepeadently 
of any relation between X and jr- As, therefore, (1') fixes no relation 
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between x ancl y, we may diSereotiate this equation as if they were 
independent, taking care to observe that ^ is a function of ar, y and 
p', and that j>' = — /(*. y)i hence, differentiatingwilh respect to :f, 
we have 

rfu da rfip du dtfi dp' _' 

d^ d^ dx d(p dp' dx 
and frith respect to tf, 

du du d/f du dp dp' 

dy dip dy rfp dp' dy 
From these two equations we get 

dp' _ du du dif ___du dip 

dx dx d^ dx ' dif dp" 

dp' du du d(p dit df> 

dy dif dif dy ' dif dp'' 
Now, in the case of a singular solution, we must have 

wp 
for then the value 9 of « is determined conformably to the conditiou 

? = ». 

de 
and consequently the two foregoing equations become 
dp' _ dp' _ 
ds ^ dy ' 

^ — n <% _ n 

hence, if p' be eliminated by means of either of these and the proposed 
diSerential equation, the result will be a singular solution, if it be a 
solution at all, that is, if it satisfy the proposed equation. 

The preceding conditions lead to another for the determination of 
p', sometimes of more convenient apphcation than these. Thus the 
[ffOposed differential equation being 

TJ=f{x,y,p)=0, 
we have, by dSerentiating it, 
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' OS ' tu ay dx dp dx dy dx 

"dp" ^ dx "^ dy di/ - ^ dx "^ dy dx'' 

But, bjr tbe foregoing conditionB, this divisor is od ; hence 



which equation will gi?e the values ofp', neccsaaty to fulfil the con- 
ditions above. It must, be remarked that throughout this article, u 
has been considered as a function of both x and y, x being the inde- 
pendent variable ; but the singular solution u =^ may contain only 
X, which cannot, of course, satisfy the proposed, but by considering 
y as the independent variable ; hence for such solutions as these, we 

dx 
must, in the foregoing condition, consider p' = -j-. 

(101.) The connexion between the complete primitive and the 
singular solutionis susceptible of geometrical Ulustration. For the 
complete primitive represents always a family of curves, c being the 
variable parameter, and we know {Diff. Ctdc. p. 147,) that the enve- 
lope of this family is analytically represented by the equation which 
arises from eliminating c by means of the complete primitive, and its 
difierential with respect to c. But we have seen that the singular 
solution is given by the same elimbation ; hence the singular solution 
is the equation of the curve which envelopes the family represented 
by the complete primitive. As in Clairaut's form, the complete 
primitive is the equation of a fajnily of Hlraight lines, it follows that if 
this form ought to belong to a curve, the equation of that curve must 
be the singular solution. 

(102.) We shall now add a few examples of tbe determination of 
Bingulai solutions. 

EXAHFLES, 

1. Given the equation 

V = {x + y)p' — xp" — {a + y) =0 
to determine the singular solution 
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■ ■■-'+>' 

■•'' 'ST- 
Substltudiig this in U = 0, it becomes 



If this satisfies the proposed, it is the singular solution. la order to 
ascertain this, substitute in the proposed 
y = X — 2 Vol 

and we find the first member become 

-—(a+x—2Vtu)==0 



2(^ — Vox) — 2 {Vox — a) — r+ 2 Vaa>-a— a— 3>+-2 V<w=0, 
where it is obvious that the terms destroy each other ; heace the 
above is the singular solution. 

2, Given the equation 

yp'' + 2p'x — J = 
to determine the general and eiugular solution. 

By solving the equation for p', we have found (p. 214, art. 98,) the 
complete integral to be 

y" _ 2ca; — c" = 0, 

and, <Ufierentiating with respect to c, we have 

X + e = .: e = — X, 

and this, substituted in the primitive, furnishes the sin^lar solutioa 

j|« + *■ = 0. 

3. Given the equation 

U = »» + 2xsp' + (a" — *') p" = 
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to detennine the singular soIuiIod 

to eliminate ■p by means of these equations, multiply the latter by j>' 
■id subtract it from the forpier, and we have 

and thia substituted in the proposed, gives 

r" + y> — o» = 0, 
an equation which satisfies the proposed, and which ia th^efore Iho 
singular solution. 

4. Given the equation 

U = C:!" - 2j^) ;,■» - 4«,p' - :t» = 
to detennine the singular solution 

^ = (x'-V)p-2-v = 0. 

Eliminating p' by means of these equations there results 

x" (;r" + 21^) = 0, 
which is satisfied by either 

sr" = or a= + 2s» = 0, 
but only the latter satisfies the proposed equation : this, therefore, ia 
the singular solution. 

5. Given tiie equation 

xif J — ydx ■= dx y/j? + y* 
to detemiiiDe the singular solution 

^ = -f. 

6. Given the equation 



ydi — xdy ~ x •ydx' + df 
to prove that there is no singular solution. 

7. Given the general solution or complete ptim^iva 

y = X-\-{c-lf{c~xY 

to prove that the <Hily singular solutioa i« that correspondiiig to c 
J (* + 1). 
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^X — a;) or T = p'X + y — p'x. 



(103.) We Bball conclude the present chapter with ooe or two 
gBometrical piobleins which conduct to singulai solutiona. 



To find a curve such that the perpendiculars drawn from a given 
point upon its tangents may be all of the same constant length- 
Let {x,y) represent in general any pointinthe required curve, then 
the equation of the tangent through it will be {Diff. Cole. p. 113,) 

and supposing the given point to be the origin, the perpendicular ironi 
it on this line will be expressed by (Jnal. Gtom.) 

s/p'" + l' 
which being constant we have 

y ~ p'x + a •//»'' + 1 
for the difTeroitia] equation of the required curve. 
The complete integral of this equation is (p. 223,) 
y = ci + av/T+^....{l), 
which represents a family of straight lines, and the general expression 
for the perpendicular from the origin on any one of them ia 



^/<r'+ 1 
which is equal to a, the constant length. 

Now the singular solution of the proposed is 
y=+^=-a"....(2), 
which represents a circle, and since the radius is a it is plain that it 
touches all the straif^t Unes whose perpendicular distance from the 
centre is a; hence, agreeably to (101), the singular solution (2) 
touches and envelopes all the particular solutions comprised in (1). 
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PROBLEM II. 

To find a curve such that the product of the two perpendiculan 
drawn from two given pointe on any tangent may be constant. 

Let the axis of x pass through the given poinU and take the origin 
at the middle point between them, so that the abscissas of die points 
will be a and — a. Then the expression for the perpendicular from 
(he point (a, 0) on the Une 

Y =p-X+y~-p'x 
is {^naL Gtom.) 

— p'o — (y— P>} _ _ y + p'(b — t) 

and from the point { — a, 0) on the same Une 
_ y-p-(a+x} 
V 1 + p" 
The product of these two expressions is to be conetant, 
y' — p-'(^~r^^2p'xy _^ 
p" + 1 
this equation solved for y gives 

y=p'x± ^ b' + m'p-', 
rf being put for o" + 6*. This equation being of Clahauf s form, we 
have for the complete primitive 

y = cx± Vi^+ m'c", 
iiiuch represents a system of straight lines. The singular solution, 
or the equation of the curve to which these are tangents, ia 

m' y + fc» ar" ^ m" 6=. 
The curve sought is therefore an elhpse. 

PKOBLBM 111. 

To find a curve such that the normal may have a constant ratio to 
the part of the axis intercepted between it and the origin. 
The curve may be either a circle or a parabola.* 

t Foi B mote comprahenBiTs view of the Uieory of Singular Solutioiui tbe 1111- 
dent u nferred to the CataU dei Jbiufiviu, where Lagrange hss devot«d upwwds 
of 100 pages to tlus subject. 
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ON THE INTEGRATION OF DIFFERENTIAL EQUA- 
TIONS OF THE SECOND AND HIGHER ORDERS. 

(104.) The most general fonn of a difierential equation of the se- 
cond order ia 



which, however, compreheads a great varietj' of cases that are not 
integrablfl bj aay general process. Under certain conditions the 
integration is always possible, or may at least be reduced to the inte- 
gration of an inferior order: as for example when the function does 

not contain all four of the quantities x,y,-^, -r^, also when the equa- 
tion is homogeneous with respect to the variables and the differentials, 
and m one or two other cases. It may be remarked here tiiat in in- 
tegrating equations of the higher orders we have not the option of 
"inUng which we choose the independent variable, as in equations of 
the first order, without ahogether altering the form of the equation, 
for by changing the iadependent variable the second dilTerential co- 
efficient will be BuppUed by a function of more complicated fonn, 
although such a change sometimes facilitates integration. 

Let us now examine those cases of the general differential equation 
of the second order which are integrable by general process, and first 
those into which all four of the quantities within the parentheses do 
not enter. We shall thus have five classes of equations, viz. three 
containing but two of these quantities or of the forms 

and two into which three of the quantities enter ; their forms being 
p<.,|,^»,=O.F,„|,^»), 
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To integrate the form 



.-. y =/"Xda^ = J._+Cx = C, 
where X, represents the second integral of Xdz^ without flie aifoi' 
(rary constants, (see page 86.) 
Suppose for example, 

Now 

°-'^' '^ = M^ "''■'^irTT = (. + !)(»+ a) - 

the constants being omitted ; hence 



(» +!)(» + 2) 



+ C,i + C. 



To integrtie the form 



Solving the equatioii for -r-^ we have 

dr' da ' d*' ^ dx S? 

and multipljiiig by dx and integrating we have 
ip''=/Ydt, = Y- + C 
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■■■1i=-/i'i- + 20.:d, = ^2yTTc ■'•"=•' ViFTl 

Aa an example let 

be given to detennine the [miiutiTe 

iW ' ' di . ^ dJ 

Bud multiplying by dx and integrating, 

'^r=—j^ + «•••£ = — I — 



To integrate the fonn 
Solving the equation for -r^ as in the preceding cases we have 

hence, if p' be eliminated by means of these two equations, the 
result will be the required relation hetween x and jf. 
Let the equation be 



(i+p¥ (l + P*)* 
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(1 + p')> (I + p-)* 

The eUminstion of p' bj means of these equations leads to' 

This process is obviously the solution of the following problem, 
viz. To determine the curve whose radius of curvature is constant, 
for the proposed equation expresses the condition r = a. 



To integrate the form 



Putting -^ for its equal -j-J^ the form becomes 



' dx 



>'('.f.^> = 



which is an equation of the first order between x andp', andofwhicb 
the integral must be sought for among the methods explained in 
Chapter IV. Supposing this integrol to be found and to be 
/(i,p',C) = (1), 

C being the arbitrary constant, then the remainder of the process will 
depend upon tbe nature of this equation. 

Ist. Suppose we can solve it with respect to p', then we may put 
it under the form 

p' = X .-. dy = Xdx .: y =/Xdx, 
which is the relation between x and y. 

8d. Suppose we can solve the equation (1) with respect to x, then 
putting P for the resulting function ofp', we shall have 

r = P .-. xdp' = Pdp'. 
But by integrating by parts tbe second member of the equation 

dy=p'dx 
we have 

y = p^ X ~/xdp' .: y = p' x—fPdp' . . . .(2); 



n,g,t,7l.dM,GOOglC 



THB INTBOBAI. CAIiCVLUfl. 285 

bence if we elinuDate ji' by means of the equations (1), (2), weBliall 
obtain the sought relatioa between x and y. 

3d. Lastly, if the equation (1) cannot be readily solved for either 
X or))', then, in order to effect the solution, we must endeavour to 
integrate (1) by some of th^ methoda taught in chapters III. or IT. 

Let the equation be 

^^ = (1+^)1, 
2,: dx' ^ (tr'-' ' , 

this reduces to 

2r(l +p'')^ dx = a' dp' 



■.2xdx = 






i' 



(I +p'')- 
and integretiag this we have 

This, mlved for j)' gives 

I'+C 

' ~ v«' + w + of 

therefore, multiplymg by dx, and integrating 

(j' + C) dx 



.=/: 



Vo* + (x- + C)'" 
Agtun, let the proposed equation be 



da^ dx dj^ dx* ^ ^ ds^ 

d>y 
or -j^, the equation reduces to 



(1 + p") dx + xp' dp' = a (1 + p")^ dp\ 
that is, dividing by (1 + jf'), we have the form 
dx + Pxdp' = P'dp, 
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wfaieh ia a lisear eqmlioD, tbe Tslues of P, Pbttng 



IntegratiDg this by the formula a( (ST), we have 
_ ay' + C 

Having thus got x, we have from the expresaim (2), above, viz. 

y=p'x—fxdp', 
the value 
y = p'x — aVl +p'^ — Clog. Ip'+Vi + p"i + C log. C, 

-vi+P^-^^'^s- c^ 

It remains, therefore, to eliminate p' by means of these ex[vessions 
for X and tf ; the result of this elimination will be found to be 

y = ^a'+ C' — ^— C log. ' , " — , 

which is the required relation between r and y. 
Lastly, let the proposed equaliou be 

which, by making the usual substitution of ~- for — ^ and then 

ox dxi 
multiplying by dc, to prepare it for integration, becomes 

2 id' p'^ + r') dp' = xp- dx. 
This is a homogeneous equation, and the separation of tbe vuinbles . 
is effected by substituting p'z for x ; whence 
dp' zdx 

7" ~ 2a' + s" 

.-. log. p- = log. C Via' + z' .-. p- = C V2^TP 

.-. x=p'z = Cx V2ol' + ^ .... (1). 

To obtain the expression for y in terms of 2 we need cnly put in the 



iM,Googlc 



TBS nnoRUi ciiLcouni. SS7 

vquation y ^Jp'dx, the above value forp', and the difiereatdal of the 
last foidxi the result will be 

!,= ?C»sr (30" + *■) + €, (2). 

The elimination of z by means of the equaticms (1), (2) will funuBh 
the sought relation between x and y. Or, instead of proceeding in 

diis manner) we ma^i aAer substituting — ; for z, in the equation 

p' = C -yit^ + *», 
solve the result, viz. the equation 



-CV2a'p"+ iHorp" — 2Cfl?p'* 
thu 
between x and y. 

T. 

To integrate the fonn 









^b'i^' 


= 0. 




Putting as 


before, 


•f 


for if equal -^ 


IhefonnLi 


buti because 

dy- 




= 0, 


= ^ 



hence, by substituting this espression for —~, in the above fons. wa 

dx ^ 

have an equation of the first order among the variables p', y, and their 
diBerentials, with which we may proceed as in the former case. 
Thus, suppose we had the equation 

(.+„*, ^ = (1+^)4 
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then, putting -~ for -j^, we hav* 

dp' dp' dy 

and putting p -i— for -j-, and multiplying by ~, there remits 

{a + yp')^'= (l+p'*)(iy 
.•. tbj —'Pydp' = F'Jp', 
H linear equation, in which 

P= " 



hence (87) 




' i+P-*- ■ 


I + P- 






y = 


0/ + C ./l +p' 




(1). 




dx 


= * = .i^ + c 
r p' 


-^L 






•/1 + 


? 



consequently 

* = a log. p' + C log. C. (p' + y/l + p'*). {E;r. 7, p. 31). 

= log. JP" (C, P' + C, s/rT^)^i (2) ; 

hence, eliminatiag p' by means of (1) and (2], the result will be the 
relation between x and y. 

(106.) Besides the foregoing, there are a few other particular ca^s 
of the general form (A) that admit of integration, or rather of reduc- 
tion to forms of the first order ; the processes, however, are not only 
very indirect and embarrassing, but so exceedingly limited in their 
application, that we shall not hesitate to omit them in this elementaty 
treatise, merely noticing one more case. 

And, first, we shall observe, that if we agree to call the coefficient 
(ju „ . rf'u 

^ of dimensions, and the coefficient -7^ of — 1 dimensKms, then 

when, according to this hypothesis, the differential equation of the se- 
cond order is homogeneous, it may always be reduced to one of the 
first order by n—iiming 

fv X 
), = Mand^ = -. - . . (1). 
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For, let, according to this bypotheais, n be the degree of homogeneitj, 

then it ia plain that -7^ must be multiplied by a factor ofn + 1 di- 

menaions, and as wherever y is, it is to be replaced by vx, it follows 
that X must enter this factor in n + 1 dimensions. It is equally plain 

that z* will be a factor of ^ ; hence, as the other terms rise to the 

same dimensions, the propoaed equation aAer the substitutions (1) 
must be divisible by xf, and the equation will thus be reduced to a 
function of c, x, p', without x. 
Let it be 

/^a,p-) = (2), 

then since, by hypothesis, 

dy otp'dx = vdx + xdv .: — = -; .... (3), 

X p —V 

but 

, . ePy , zdx dx c 
»/» o' -7^ dx = .'. — = - 

' dF XX 

.-.^'=^....(5). 
z p—v 

Putting in this last equation for z its value in terms of v, p', as dedu- 
ced from (2), and the result will obviously be an equation of the first 
order between v and />', from which p' being determined, and its va- 
lue in terms of v substituted in (4), we shall have, by integrating, 

log. I = 4ii ; 
hence, finally, eliminating v by means of this equation, and the first 
of (1), above, the result will be the required relation between x and y. 
As an example of this process, let us take the equation 

or" dx 
then the substitutions (1) reduce it to 

z — p- = 0.:z = p; 
and tMs value of 2 is to be substituted in equation (6), 

•■•^=^-(f-')*-=p'*' 

that is, 

p'dp' = vdp' + p'fftp. 
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MC^ Bulfl being an exact difierential, we have 

we are now to determine p' from this, and substitute its vidue in 
equation (4), but because, in the present example, * = p', it will bo 
sasiar, and amount to the same thing, to determine p' Ettiai the equa- 



E(>r we at once get 



= Cp-..p-=-f^; 



C 

this value, substituted in the above integral, gives 

r" = 2Cmi + C., 
but 



.-. a? = 2Cy + C.. 

(106.) As to equations of a higher order than the second, the gfr- 
neral methods of integration are still more limited than diose which 
apply to equations of the second order. There are, however, two 
dasses of equations of the nth order, which may be reduced to the 
forms of the first and second order, already integiatedi. 

Iliese forms are 



n%^) = o....m. 



^'$9> 


= 0. 


. . . ( 


the first of these let 








•^ 


da 




(1) becomes 


nt 


,.) = 


0. 
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which is an equation of the fiist order between u and f ; hence, by 
int^rating this, we obtain u in terms of x, that is, 

...y=/-'Xdr->. 

and the integration may be effected by (53). 
In order to integrate the fonn (2), put : 

d^ __ <fy _ cPw 

hence, by subetitutioD, the equation (2) becomes 

a form of the second order which we have shown bow to integrate ai 
page 232. Deducing, therefore, the value of ti, we have 



It will, however, be sometimes convenient to obtain x and dx in terms 
of u', aa well as u in terms oVx, as above, because we can readily 
descend from a coefficient of any order u' to that of the preceding or- 
der (', and so on, till we obtain an espreesion for p' or -7- in terms of 

»', in which we may then substitute for u' its value in terms of x, mul- 
tiply by dx, and integrate. 

The foUowing are examples of the foregoing forms : 

(107.) 1. Given the differential equation 

da!'' dx> 
to determine the complete primitive. 

Assume 



_ d?y dr d'y 



so that the proposed is the same a 

f'~ = l.:dx = f'dr'.:T=l 
dx 
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u we have detemuDod dx in tenna of r', we shall be able to deduce 
the preceding coefficient ^ in terms of/ for 

dq = r'dx = T-'dr' .: q' = ^ -h Ci 



.-, mf — jKtc — 


* 3 • 5 ^ ^' 


1 • 2 


V^H rt 


^ 




■■•y = 


dele primitive, ■ 


K being equal to 


A*"' 




which is the com] 


1 V2 (» — 


C). 


2. Given 




=& 








10 detcnmine the < 


complete primitive. 








Assume 














'-^- 


it- 


37' 







SO that the proposed is the same aa 



from which we get, b; integration (p. 232.) 



whence 

. = log.2 ^— — (1), 

having detennined x and dx in terms off' we may obtain p' oi tenns 
off', thus: 

dp' = g'dr = y-^rqrci ■•■ p' = -/q'+C + c, 

.-. €^ = p'dx = Vq'^+'C* dx+ C^dx = dq' + C,dx 
...S = ^+C,«+C (2){ 
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bence we have to eliminata q by means of (1) and (3) ; far this pur- 
pose put (1) under the fwrn 

therefore, subBtituting this in (2), we have, for the cranplete primi- 
tive, the ftxin 

y = ce* + c, e-* + c, * + C3. 
We shall now pass to the consideratioa of linear equations. 



Linear EquaUoim of the Higher Ordert, 

(108.) The general form of a linear differential equation of the nth 
order is 

*S + i^ + ....+M| + N, + X = 0....(A,, 

A, B, &c. being either functions of x without y, or else constant 

In order to determine the method of iotograttng this class of equa- 
tions let ua examine a pardcutar case. We shall ehoose the equation 
of the third order of the form 



dc' dr* dc 






wfaere :r is absent, and in which A, B, C are constants. 

Now if we can tiod a value of y in terms of x', and involving but 
one arbitrary constant that will satisfy this equation, we know that 
such an equation betweentf and z will be a particular case of the com- 
plete primitive. The peculiar form oftbe proposed equation has 
enabled analysts to discover a priori such a particular case of the 
primitive, and thence the complete primitive itself. For, from the 
principles of difierentiation, we know that the several differential co- 
efficients derived from an exponential function ce™ all involve this 
same function, thus : 

^ dx dx' ax' 

hence, if this function be put for y, in the proposed equation, all tb« 
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tarms will become divisible by e"", and the reault will be merely an 
algebraical equation of the third degree in m. But ibis equation will 
fix certain values for m, so that, by putting these successively for m 
ID the equation y =^ ce", c being a constant, we must have necessa- 
rily so many particular values of y which will satisfy the proposed, 
tiiat is, so many paiticular cases of the complete primitive. Let ua 
then substitute in the proposed equation 

y = "■", 
iriiich becomes, in consequence, 

m' ce~ + Aw" c«" + Bmc^ + Cc«" = 
.-. m* + Am" + Bn» + C = . . . . (1). 
Let the three roots of this equation be nii, m^, and mi, then for y we 
ia.v6 the three values 

y, = e, <-.-. y^ = c, «V. y, = c, eV .... (2), 
each of which equations necessarily satisfy the proposed. These, 
therefore, are particular cases of the complete primitive. 

As the complete integral must furnish each of these by giving par- 
ticular values to each of the three ajbiUary constants which enter it, 
this complete integral must be 

y = c,eV + c>«V + c,«V. • ■ ■ (3). 
For put successively for if, in the proposed, the values (2), the sum 
of the results will be 

c. m,' e-i- 1 + A I c, mi= «-,' I -1- B I c, m, «-,' I + C I c, e".' 
Ci tna' eV Ca Ms' «"a' icam, e"j' c, e",' = 0, 

c, 1*1 e",' I I c. Ma' «"a' I [ Cj DI3 t"i' I I c, e^j' 

that is [3) 

It is necessary to remark that if any of the roots nti, m^, m^, be equal 
as, for instance, m, =^ m^ then (3) will be 

which will not be the complete primitive of the proposed, but only a 
particular integrol, since only two arbitrary constants enter. But 
wbenthisluqtpens, then it may be shown that not oidy is y= cy^ix. 
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a particular ictefni] of the proposed, but alao ^ = c, xe",', fordifier- 
entiating this, we have 

J = c, M, xer,' + e, «",-. §- = c. m," are-,' + 2c, m, e~- 



i«-/+ 3c,m.»< 



g[ these values in the proposed, we have 

c, xe",' (m,= + Am/ + Bnt, + C) + 

c, «~,' (3< + 2Ami + B) = . . . . (4). 

Now by hypothesis the equation (1) has two equal roots, and it is 

shown by all writers on the theory of equations that the limiting 

equation to this, viz. 

3m' + 2Ani + B = 
has also a root equal to one of these {See Bridge's Theory o/Equa- 
tioM p. 67.) Hence both the terms of (4) vanish, so that the ex- 
pression (4) ia = 0, that is, the value y =^ c, xe" / satisfies the pro- 
posed equation, and therefore the complete primitive is 
y = Ce",' + CjX^,' + Cje-j'. 
If all three roots were equal, then it might be shown, in the same 
manner, that the complete primitive would be 

y = Ci £"•,'+ Ca !«",'+ Cj x'lT,'. 
Ii6t OB now consider the hnear equation 

& + *3r + B* + C,+ X = o....,B), 

A, B, C being constants and X a function of r. 
Suppose 

y = C.!,, -|-C,y, + C3yj (1), 

then we know, from what has preceded, that if X were absent from 
the proposed, that this would be the complete integral of (B) j,, y,, 
(f, being put for e"/, e^j', e^^'andC,, C,, C, being constants. 
But C,, C,, C, may be functions off, and yet of such a nature as to 

have no more effect upon the values of -^, -~, -i^, than if they were 

cwstant ; for it is only necessary that they be subject to the follow- 
ing three conditions, viz. 
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the sBine as if the coellicieiits were constant. 

2. <iC|dyi JCtdy, dC.dy, 



3? ~ '^' a? + '^' "3? + ''• d? ' 

the same as for conatant cnefiicients. 
Now ift as a third condition, we suppose 
3. dC,d^, dC,<ey, , <!C,<I^, 

~d?~ ^ "55" + ~3?~ + i - »■ 
we shall then have 

Conaequently, if we delennine Ci, Ci, C, from these three condi- 
tions, (1) will be the complete primitive of the equation (B). 

Such is the theotyof Linear differential equations j but for further 
particulars, and more ample details on this aa well as on various other 
classes of differential equations, which have at different times exerci- 
sed the powers of analysts, the student must consult works of higher 
pretensions than the present volume, asJeph<(m'«f7uxionaJ CalcuivM, 
vol. 2, or the Caicul InUgral of Gamier ; but the Complete Trealue 
of Lacroix, in three large quarto volumes, furnishes the most exten- 
sive view of the labours of analysts in this depaitment of science that 
has yet appeared. 

Deiermiitalion oflattgraU by Approximation. 

(109.) The integratioDof equations of two variables consists in the 
determination of the general relation between x and y ; this determi- 
nation, however, is, as we have before remarked, not always practi- 
cable in finite terms, and in such cases we must content ourselves 
with an approximation to this relation. The object in view, in the 
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metboci of approximation) is to detemune an expression for otx of 
the variables in a series of ascending or of descending powers of the 
other, BO that, for a prt^aed numerical value of the ooe, we roaj ap- 
proach to any degree of nearaesa the corresponding numerical va- 
lue of the other. An example or two will show how these approxi- 
mationa are to be effected. 



EXAMPLES. 

1. Given the eqaatkm 
to detennine y in terms of 7. 



S = Aj- + Ba* + C*' + &c., 
where both the exponents and coefficients are indeterminate. B^ 



^ = Aaa--* + Bfct*-' + Cc*^" +.&c.; 

da 
heucet by substituting these values of y and ^ in the proposed equx- 

tion, it becomea 

{l+A<u-^' + B6»H-' + C<:j:^'-l-&c.)(Af + Bi' + C^+&c.)=l, 
that ia, by actually performing the multiplication here indicated 
A"flx*-' + ABtti-**-' + AC<W^~' + &c. 

— 1 + ABfta?*"-' - ~ 

+ A^ 



' + AC(W<~' + &c. 1 
' + B' fta*- + &c. f _ . 
+ ACc*-**-* + &c. ^ ~ "■ 
+ B'2* + &c. ) 



We have now so to fix the values of the indeterminate quantities 
that this equation may hold independently of x, that is, so that the 
first member may be identically ; and it ia plain that this will be 
done, provided we can firat assume a, b, c, &c. of such values that 
the exponents may all be equal and can then aaaume A, B, G, &c., 
so that the coefficients may mutually destroy each other. 

The first object will be accomplished by the conditions 
2a— 1 =0, 0+6— l=a,ii+e — 1 = 6, 
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which give 

2 2 

and for the second we must obviously have the conditionB 

A"o = 1, AB (a + 6) + A = 0, &c. 
which fix for A, B, C, &c. the values 

consequently the required developmeul ia 

- i 2 a y/2 3 
y = V2 xi — ~ x^ + ^ x^ — &c. 

It should be remarked that the integral thus determined is not the 
complete primitive of the proposed, because no arbitTary CMwtant has 
been introduced. The determination of the arbitrary constant re- 
quires that we know the value of if for some given value of 2'; sup- 
pose then that when x = a, if = 6, then the form of the development 
must be 

y = b+ Mx~af + B{x^af + kc (1), 

and in the present example it ia, therefore, 

j = 6+ y/2(x—a)i — l (x — a)i + ~ (x — a)^ — ko. 

in which integration the arbitrary constant ie involved in a, b. The 
complete integral is not, however, always so readily determinable ; 
the usual process is to substitute in the proposed differential equation 
a -{• t £or X and 6 + u for y, and then to develope u in a series of 
powers of (, so that when t is made = 0, u may become 0, for then 
when the values of t and u are restored, by the substitution of z — a 
for ( and y — 6 for u, we shall have if = 6 when x ^aos we ought; 
or we may at once assume the development of the foiin(l)( and then 
determine the exptsteuts and coefficients as above. 
2. Given the equation 

E + » + «^ = « 
to determme the complete integral in a series. 

Putting a + 1 for x, and assuming the development (1), we have 
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y = b + At' + Bt^ + Ik. 

■: ^ = Aaf"- + B^f""' + Cyt^ + &C. 

sabstituting these values in the proposed, we have, since -j^ = ~; 

Aa*"^' +B^i^"' +C7('" .... + &c. + 

6 + A(° + Bf"* . . . . +&C + 

m«r + mfw— ' I + mn ^-^ a*-' (^ + Stc. = 0. 

Now to reader the exponents the same in the several Tertical rows, 
wfl must have the conditions 

a = 1, (3 = 2, 7 = 3, &c. ; 
hence 

™„- ™— —1 J. k 

A = — mrf-— 6, B = 



1 -2 
_ mrf' — wHMf-' + Mw (n — 1) rf^ + & 

&c. &c. 

therefore the exponents and coefficients of the assumed series are 
determined. 

3. Given the equation 

to find y in a seiies. 



ji + "-» = 



y = A*' + B*" + C*'' + &c. 
■ •■ ^ = Aw*-' + B/S/-' + Cyi'-' + Ic 

•■•a?=-'«(— !)''"" + '>/' (/'-i)»'"'+Cr(r-i)»'^ 

Hmmw, by wMlatioiit the proposed beoomee 
M'- l)«'~'+B/303— I)/^+C,(y— 1).'~'+Sc > 1^ 
+»A»'+"+ «B«*+*+ mC.'*'+lK!. J 
83 



iM,Googlc 



350 TBE IHTBQKAIi CALOVJ.im. 

To render the exponenta the same io the aeveral columnB we maj 
suppose n ^ — 2, but this would confine the mvestigation to a par- 
ticular case of the pro|)osed example. If, however, we first make the 
term Jin (k — I) x vaniah by means of the requisite value of n, 
that is by making either 

a = 0,ora = l, 
flie above equation will become on the first hypothesis, or a = 0, 






./+" 



consequently, by equalling the exp 

^ _ 2 = n, y — 2 = J3 + n, 5 — 2 = y + n, &c. 
.-. J3 = n + 2,Y = 2n + 4,S = 3n + 6, &c 
end equalling the coefficients of the like terms, we get 

-,&c.; 



hence, putting for ^, y, &c. their values just determmed and substi- 
tuting in the assumed series these expressions for the coefficients, 
we have 

"** - &C.J 



(» +!)(« + 2) (2n 4- 3) {2n + 4) 
A being entirely arbitrary. 

If we take the second hypotheeds, viz. ce = 1, ve shall obtain 
nnotber expression for 5 involving an arbitrary ctmstant A, or, for dif- 
ference sake, A' ; this e^resHon will be 



^3*«_8EC.i 



(»-l-2}(« + 3)(2n + 4)(2« + 5)-*' 
the snm of these two pnrticalar integrals will be '&>» complete integnd 
of the proposed, involving the two arbitrary constants A, A', and, by 
making first one of these and then the other, we have the two par-, 
ticular integrals above deduced. 
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For Other methoda of approximation the student may consult the 
wo^ referred to at the close of last article. 



Integration of Simvllaneotu Eqwxliont. 

(110.) We ehall conclude the present chapter with a few general 
examples of the integration of simultaneous equations, as they oflen 
present themselves in the higher problems of Dynamics. 

1. Let it be proposed to integrate the system of equations 

dt 

«4iich are the moat general forma of the first degree between x and y 
and the differential coefficients -^, -^ ; and in which M, N, P, &c, 

are functions of the independent variable I. We may write diese 
equations thus : 

(M;, + N«) d( + Pdy + Qdjr = T<ft 

(M'y + N'iT) dt + Fdy + Q'dx = Tdt, 

and ifwe multiply the second hy an indeterminate function^ of (,and 

add the product to the first, we shall have 

J(M + Vl-6) y + tN + N'ft) x\dt + {V + P**) dj + (Q + Q'S) 

di = (T + T'a)df; 
that isi putting for brevity 

M + M'fl = M„ N + N'a = N„ P + P'fl = P„ 
Q + Q'a = Q., T + T'i = T„ 
we have the equation 

M,yd( + N,mtt + P.rfy + Q.di = T.ift, 
<ir, which is (he same thing, 

M, (y + ^ *) * + Pi {dy + -^ di) = T,<tt. 

Now it is obvious that this equation would agree with the linear 
equation of the first order, [arL 87,} provided that we had the con- 
dition 
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Ms + ^') = ds + ^<i, (1), 

because then by putting 

» + HT ' = " W' 

the equation becomes, in virtue of the suj^osed condition (1], 

at 

M T 

i + ii^«d( = i.dt (3), 

from which equation we know bow to obtain s in tenns of t, and 
thence the relation among the variables x, y, and L 

Now to aatisfy the condition (1) it is obviouslj sufficient Hat m 
have 

N, O, 

that is, f being the independent variable, 

Nj_ dr " M, _ Qi dj 
M, (K "''* (« P. dt 

and » ^ is indeterminate, the coefficients of this term must be equal, 
dierefote the above cwidition implies the two 

|..«.,i|=„....,, 

If then in these equations we substitute the foregoing values of Mi, 
N„ Pi, Qi, and after having perfonned the differentiation we elimi- 
nate t, which enters in these equations, the result will be the relation 
which must subsist among the coefficients of the proposed equations, 
in order that the integration ma^ depend upon a linear differential 
equation of the first order. The solution of this linear equatim will 
^ve 2 in terms off, from which we may get y in terms of v and f, and 
this valne of y, substituted in one of the given equations, will furnish 
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a difierential equation between x and (, which being integrated wo 
shall finally obtain the values otx and y in terms of*. 

When the coefficients M, N, P, &c. in the firet members of the 
proposed equations are all constant, the second condition [4) is ne- 
cessarily satisfied, when d is constant, and we shall then have only lo 
determine the arbitraiy factor B, so that the other condition may have 
place. This first condition, by restoring the values of Mi, N„ Pi, 

N + N'a _ Q + Q'a 

M + M'fl F + P'fl ' 
irtuch, by reducing to a common denominator, fumishea a quadratic 
equation in i. Let its roots be 6' and d", and the corresponding 
values of the coefficients of (3), m and n in the first case, and m and 
n' in the second, then the equation (3) gives the two 

da + madt = »rf( 

fk + m'zdt = n'dt, 
and these integrated by the formula at page 183 furnish the two equa- 

hence, putting in these the value of s (2], we shall have two equa- 
tions inx, y, and(, from which both x and y maybe obtained in teima 
o£t. 

2. Let it now be required to integrate the system 

tty + fMy + tix + Pt)dt = Tdf\ 

<fa+(M y + N'r+P' «)((( = T'd( > 

<fc + (M"y + N"jp + P"«) dt = T'dt y 

in which all the coefficients are constant except T, T', T", which are 

functions of the independent variable I. 

Multiplying the second by a constant C, and the third by another 
constant G', and adding the products to the first, we shall have an 
equation of die form 

dy + CAg + C-dy + Q{y + Rx + Sz)dt =Vdl. 
^rineh, aa in ttke former oaie, will agree with sUoen difierential equa- 
tion, provided we have the condttioa 
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which requireB that 

C = R,C' = 8! 

liencet as C and C' are contained in R and S, these two equations 
will suffice to determine the different valuea of C, C, which will cauM 
the required condition to exist ; or which will render the proposed 
«quatioDS integrable by meanH of linear equations of the first order. 

The above method applies to differential equations of the superior 
orders, because these may be reduced to equations of the first order. 
Thus, for example) if the equatitms were 

(Py + (Sly + Ni)df + (Prfy + Qdr) <fl = TdP i 

<P* + (M'y + Wx) dp + (F(% + Q'dr) dt = Tde \ 

we should be able to reduce them to four equations of the first order. 



dy = p' dl, dx = q' dt 
dp- + {My + Nx + Pp+<l^d 
dq- + (M-i, + N .r + Vp- + Q:q) d 
vnd to these four equations the preceding process may be applied. 
For particular examples of Ibe integration of simultaneous differential 
must refer to Peacock's Collection of Examples. 



Td(\ 
T'di) 



OBAFTBB rXI. 

ON THE INTEGRATION OF TOTAL DIFFERENTIAL 
EQUATIONS OF THREE VARIABLES. 

(110.) Let 

Tdx + <idy + Kdz = . ... (1) 
be a differential equation of three variables, of which th« two « ttid y 
are entirely independent. By putting 
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tltia equation becomes 

dz = pdx + qdg .... (3). 
If this is the total differentia] of 2, immediately derivable from some 
primitive 

s = F(:r,3) (4), 

then we know that we must have 

dz dz ,,. 

E-f'S^ ='■■■■(='■ 

and, moreover, that the second member of (3) must fulfil Euler'a con- 
dition of integrability (78) : for although e may enter p and q as well 
as X and y, yet as 2 is a function of x and ij th^ second member of [3) 
is a differential expression of but two independent variables. The 
condition of integrability is, therefore, 

that is, 

dp J, dp dz _dq dq dt 

dy dx dy dx dz dx 
By transposing we have, in virtue of (5), 

dy dx ^ da ^ dz 
which expresses the condition of integrability. But to have this con- 
dition in terms of P, Q, fi, instead of p and q, we have, by differen- 
tiating (2), 

'*■' ■•" da ax dx 

d5__ P dz ^ dz' 



■ (fi). 



dp 


R 


' *r 


~ 


dil 


_ Q 


■57- 


-I 


IS. 



hence, by substituting these values in (6], the equation of condition 
reduces to 
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and which equation must exist if the equ&tioa (4) exists ; that is, if 
there can exist an equation among the three variables r, y, z, in ccm- 
junctiiMi with (1). Consequently, if we take at hazaid a differendal 



Mdx + Ndy + P<fc = 0, 
then, without first ascertaining whether the condition (7) exists, we 
cannot affirm that one of the three variables is a function of the other 
two, considered as independent, or that this diSerential equation ne- 
cessarily implies the existence of some equation between x, y,z. For- 
merly, however, thoae difTerential equations which did not fulfil the 
condition (7) were considered to be meaningless, but Mange proved 
this supposition to be erroneous, and ahoweij that although to such 
equations there corresponded no eingte primitive, yet they might be 
satisfied by a pair of primitive equations involving an arbitrary func- 
tion of the dependent variable «, their geometrical signification being 
an infinite variety of curves of double curvature : we shall advert to 
this presently. 

It must be remarked, that the existence of the condition (6) or (7) 
does not imply that the proposed (1] is an exact diflerential, although 
it does imply that (1) is integrable, for, otherwise, the second mem- 
ber of (3) could not be an exact diflerential, which it is by hypothe- 
sis ; but this second member, it is easy to see, remains unaltered by 
whatever factor we multiply (1), so that when we have ascertained 
(hat the condition (7) has place for any proposed difiereiitial, we must, 
in order to integrate it, determine the factor, which will render it 
exact. 

Let us then suppose that the difierential 

Mdr -t- Ndy + P<is = . . . . (8), 
win become the immediate difierentnil of some function of x, y, x, 
represented by U = 0, upon being multiplied by the &ctor y^ then, 
for the total difierantia] of U, we have 

(TO = MXdar + NX(^ + PX<b = 0. 
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Now as a enters into tbe two first terms of this complete diSerential 
the same as if it were a constant, we shall obtain the integral U by 
IntegTatiog the equation 

Mxrfi + NXdy = . . .■. (9), 
M and X being functions of the variables x, y aad of the constant 2, 
pronded we determine the arbitrary constant, which may obviously 
be a function of the constant 2, so that the complete integral may be 
the same as U. Representing, then, the complete integral of (9) by 

D = V + ips = 0, 
it will remain to determine ipz. For this purpose let us differentiate 
with respect to x, and we ought to have 

dV _ dY dps _^ 
dx dz "^ di ^ 



and thus the function fz becomes known. 

Since 9: contsina neither of the variables x, y, they must both be 
absent from 

dz 
if, therefore, either of them were to enter this expression, we must 
infer that the factor X has not been properly chosen, for, although it 
render (9) integrable, it will not in this case render (8) 30. 

It is obvious that the factor which renders (8) integrable, lendera 

not only (9) but also the two other partial equations 

MUx + Pxds = 

NXdy + PKdi = 0, 

integrable, the factor, therefore, must be chosen so as to fulfil these 

three conditions. 

(111.) As an example, let the proposed equation be 

yxdx — xzdy + yxdx = 0. 
This satisfies equation (7), it is, therefore, integrable and to 
aaecitaiii i^iether any and what factor is necessary to render it an 
33 
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exact differential, we must first consider one of the variable* aa t 
coaetant, writing the equation thus : 

z{ydx—xdy)=0 .... (1), 
this does not satisfy (he condition of int^rability, but (94) it u ren- 
dered exact by the factor X = -?< and this some factor is found to 
render also the other two partial equations exact Multiplying thew 
(1) by -^ and integrating) we have, omitliDg the constant, 

U = — + 93 = . . . . (2) 

_ (fU __ a dft _ . 1 _ ' 
" dx y dx S* S 

.■.*i=0.-.p = C; 

OS ^ 

hence, substituting this value in (2), we have for the sought integral 

U = — + C. 
V 
Again, let the et|uation 

xydx -i- xtdy + xydt ■{■ ai^dz = 
be proposed. This also sadafies the condition (7) ; we shall, there- 
fore, first integrate 

z (ydx + xdy) = 
on the hypolhesis o(z constant, and we find for the integral 

U =zxy + (fz = . . . . (1), 
ao that DO factor is here requisite, 

•■•^ = xj + ^ = ^ + <«" 



.•.<pz = af^d:t=^ + i 
hence, by flubstitution, the integral IT becomes 
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(112.) Let UB now consider the case in which the differential 
equation 

M<tr + Ndy + P(lE=0 .... (1) 
does not satisfy the conditition (7), and let X be the factor proper to 
render integrable the part Mdx + Ndy only, z being regarded as 
constant ; by multiplying the proposed by this factor, it becomes 

MUx + N\dy + PXdz = . . . . (2). 
integrating the equalioa 

MXdx + NUy = .... (3) 
we have, as before, 

T + ipt = . . . . (4), 
but the difierential of this equation, taken with respect to the diree 
variables, cannot, as in the former case, be identical with (2), which 
it would however be, if its differential with respect to t were equal to 
PX. Now the differential of (4) with respect to the three variables 
is, in virtue of (3), 



ds 
and its differential with respect to z only ii 

difz 
^"57 '" ~^> 



■(5). 



(^^Tx^^ 



and therefore, although it is impossible that any equation (4) among 
the variables x, tf, x can be found, whose difTerenlial (5) shall be iden- 
tical to (3), without assuming some other relation among the varia- 
bles, yet, by introducing a new relation, viz. the relation 

dz dt 
the identity is brought about, for, in virtue of this condition, (S) be- 
comes 

MXttr + NXdy + PXde = 0, 
and thus the proposed difierential equation is satisfied by the equa- 
tions 

V-l-^ 



T -P IPZ — " \ 
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taken conjointly, in which the function ^z is entirely Brbitrary. Ths 
system of equations (6) involving an arbitrary function of z represents 
an infinite variety of curves of double curvatute, all of which equally 
give rise to the differential equation (I) or (2). 
Suppose, for example, 

ydy 4- zdx — dz = 0, 
an equation which does not satisfy the condition (7). 

Regarding s as constant, the factor necessary to render the part 
ydj + zdx 
integcable is 2, consequently the proposed, multiplied by this, is 

2jjdy + 2idx — 2ds = 0, 
which equation is satisfied by the system of equations 
y' + 2zx + i!,z = 0. 

2r + ^+2 =0/ 
dz ' 

If we take 9s = z', the system is 

y 4- 2xr + a" = 1 

2i + as" + 2 = * 



OBArTBB TIXI. 

ON THE INTEGRATION OF PARTIAL DIFFEREN- 
TIAL EQUATIONS. 
Por/taJ Bxffertn^ak Eqwaliotu of Ike Firtl Order. 

(113.) A partial diflerential equation of the first order, containing 
three Tariables x, y, z, is one which, besides the variables themselves 
and constant quantities, contains only the partial diiferential coefficients 

n of this class of differential equations forms 
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a dutiact snd veiy extensive brsuch of the calculus, involving £ffi- 
cdtiea t^a peculiar kind. In the present email volume we must 
confine ourselves to a very elementary view of the subject, referring 
the student for forther information to the large work of Lacroix, be- 
fore mentioned. 



To integrate the partial dilferential equation 

X being a function of x, and z a function of the independent variables 
x,y. 

Multiplying by dx, and integrating, we have 
« =f(x,y) =f'S.dx + (pg, 
the arbitrary function ipj/ supplying the place of the arbitrary constant, 
because the partial difibrential coefficient -j- has been deduced from 

the hypothesis of y constant. 

Suppose, for example, the equation were 



z = -~. + ,fx + fy. 



U. 



- = P. 



To integrate the partial differential equation 

dx' 

P being a function of x, y and z. 
As the coefficient -7- is deduced on the hypothesis of y constant, 

we must preserve this hypothesis in returning to the original functiw 
X =/(x, y] ; hence, multiplying by dr, we have 
i = P(tt, 
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6k y in P being considered as a constant ; this will be a diflferenttBl 
equation between the two variables e, ;r, the integral of which must 
be completed by annexing the aibitraiy function 9^. 

KXAMPLGS. 

1. Let the equation be 



.:%= -j^e-^ y' + w 

2. Let the equation be 

dt a 

.-.8 = asm. '-^== + 9,, 

3. Let the equation be 

iz 

zdz 



= dx. 



therefore, y being considered constant, 

— ^/y" — a» = a! + (py, 

X + vy*— s* = — ipy. 
4. Let the equatitHi be 

(fc _ y' + 8° 

dx y" + *» 

d^ _ At 

•'* J* + ^ 1/* + '■' 

and, intflgnUiDg mi the hypotbesJB that y is constant, we have 
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To integrate die partial differential equation 

% ax 

M and N being functions of x and y. 
From this equation, we get 

dg N dt" 

and aincet by hypothesis, 2 is a function of v and tf, 

dx dy -^ 

and we have, by substitution, 

or 

d» Sdi — Wdu 

■^ = 5 N-^- 

Suppose X is the factor which renders Ndx — JAdy an exact differ^ 
ential du, that is, let 

X {Ndx — MA,) = da, 
then tite preceding equation becomes 

to saliBfy which we need only assunie- 

VJi'dx ^ 



dz = Fii.du.:z = 911, 
f being entirely artntrary, and u a known functicu of x and y. 
1. Let the equation be 
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irtiich ia the genial partial differential equatum ofimfiieMof nro- 
luUon {Diff. Cak. p. 177). 
In thiacaae 

Ndx — Mdy = xdx + ydy, 
which IB rendered integrable hy'K = 2, 

.■.. = ^ + y-, 
and, consequently, 

« = V (^ + !^), 
the general equation of surfaces of revolution. 

Ab a second example, let the partial differential equation 

dz , ds ^ 

'^ + y^ = '' 

be proposed, which belongs to right conoidal surfaces ingen«nl,tben 

N(tc — Mdj = ydx — xdy, 



_ p ydx — xdy _ X 



f 



an equation which we know is the general representation of all rghl 
coooidal surfaces {Dig. Cak. p. 201-208). 

IV. 

Let now the form 

0.x dn 
be proposed in which F, Q, R are functions of z, y, and x ; tlien, dt. 
viding by F, and putting 



the jbrm becomes 



J+M,J + N = 0, 
ax ajr 
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that is, putting p' for -r- and q' for -j-, 

p' + Mg' + N = .... (A). 
As this equation exists in conjunction with 
dx = p'dx + q'dt/, 
which merely implies that z is a function of x and y, we may elimi- 
nate j>', and we shall thus have 

dx + Ndx = g- (dy — MAc) .... (B), 
this equation being true, whatever be the value oSq', we moat have 
separately 

dx + Ndi = 0,dy — Mdx = 0* . . . . (1). 

NoW) if it should so happen that z is absent from both N and M, 

flien the second equation will imply some relation between x and j, 

tnmished by the integral of that equation. Supposing then X to be 

the lactor which renders it ao exact diflerential, we shall have 

\ (dy — Mdx) = 0, 
and* by integratiiig, we get an equation of the form 

F(r,y)=C (2) 

.■.y=/(:r.C); 
consequently, substituling this value oty, in the functiim H, we shall 
have 

t = —/Ndx, 
the second member of this equation being a function of 7, and of the 
constant C, in which, after integrating, if we restore the value of C 
(2} the result will be the sought relation among the three variables, 

* It may be proper to remark here that these equations, in their preseDt fom, 
teach us nothizig, since, fiom the first principles of the calculus, we know that 
ix, ill, and di, an necesenrily each 0. Thej are, however, immediMely redncL 
Ue to a mgnificant form, by dividing by di, dnee tbej then become 

to which latter eqaatioD it must be observed that although -~ imidiei a relation 
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taking care, however, to consider the orbitntry coutant which com- 
pletes the integral to be an arbitrarj' fiinction of the constant G, in 
order that when the value of C (2) is restored, the integral may oot 
be deficient in generality. 

As aa example, let the equation be 

Comparing it with (A), we have 

hence the two equations (1) are 

dz — a 7-^*** = 0, dy—-^dx = . . . . (3), 

2 being absent from each. 

Now the foctM X, which renders the second of these equations, or 
rather the equation 

xdy — ydx __^ 

integrable, is X ^ — ; multiplying then by this, and integnUfng, we 
have 

-|- = C.-.y = Cr, 
coowquently, the first of these becomes 

dx = adxVl +C 
^ .■.x = ax Vl + C + ipC, 

T^iere 9C may, of course, contam another arbitrary constant besides 
C. Sestoringi now, the value of C, we obtaiot finally, 

or father 

« = aV?T?+?.^ (4), 

p repnswting a function quite arbitrary. 
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If. hy difierentialioii, we eliminate the arbitraiy function f, (ttt 
Diff. Cole. p. S3), we shall return to the original partial differential 
equation. If a = 0, in the proposed, it will be the general repreeen- 
tatioa of right conoidal suifaceB, before noticed, and the equation (4) 
will be the integral equation of the same class of surfaces. 

It may happen that the two members of the equation (B) may con- 
tain each only the variables whose differentials are involved in them, 
so that If may be absent from N, and z from M. In this case let, as 
before, X be the factor which renders the expression dy — Mdi inte- 
grable, and let X' be the factor which renders dz + ^dx integrable, 
the members of the equation (B) may then he represented by 

di +Ndr = j^ dU. dy — Mdr = ^ *^' 

so that we shall have 

rfU = 9'-^<nr. . . .(5), 

the first member of this equation is an exact difierenlial. and that the 
second member may be also exact, we must have 



which is the only condition which need restrict the arbitrary function 
q' ; hence, by substitution, in (5) 

that is to say, U is an arbitrary function of V, U and V being func- 
tions of the variables already determined. 
Let, for example, the equation 



"dx • 



= yz 



be proposed, which will accord with the general equation (A), if 
written thus : 

di X dz * _ n 

dx y dy X ~ ' 
M and N being . 
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bmce the equation (B) anaag from the elimioatioii of p', u 
dz .dx = q' {dy dx), 

so that we have now to fiod fiictora which shall render inlegrable (he 
expressions 

dx dx,dy dx, 

theae iactors are - and 2y ; mtdtiplTiDg, therefore, bjr Aese, we hare 
the exact differentiala 

xdz — xdx „ , „ , 
J , 2ydy — 2xdx, 

of which the integrals are 

V = -,y = y' — X', 

consequently the required integral is 

It should be here remarked, that instead of eliminating p' from the 
equation (A), as we have done in the preceding examples, we may 
eliminate q', and deal with the resulting equatioa 

Md* + Ndy = q{dy — Mdi) = 0, 

as we have already dealt with (B). 

On the Delerminalioii of Arbitrary FwtcHoiu. 

(116.) In all the preceding examples of the integration of partial 
difierential equations, the integral involves an arbitrary function of 
some of the variables, which ought to be the case, since, as shown in 
the Differential Calculus, p. 83, any arbitiary function involved in an 
integral equation may be eliminated by differentiation, and the resulting 
equation will always be a partial differential equation of the first order. 
This elimination was very frequently performed in our section on the 
Theory of Curve Surfaees, In returning, therefore, fiom the partial 
differential equation to the original piimitive, this last, to be perfectly 
graetal, ought to involve an arbitrary Amction, in the same manner 
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■g the integrala of ordioary differentia] equati(»iB involve an aibitraiy 
cooBlant. We know that in this latter claaa of equatione the deter- 
mination of the arbitrary constant, in any particular case, depends 
upon the nature and conditions of the problem to which it applies? 
And so also with respect to the arbitrary functions which supply the 
place of these constants in the former class of equations, their deter- 
mination depends on the nature of the particular problems to which 
they belong. For example, the prinutive of the equation 



dx 



■ (2), 



y — bz = <f{x — az) .... (2), 
which represents cyUndrical surfaces in general, without regard to 
thenature of the directrix. But if we knew, from the conditions of 
the problem, the equation, y ~fx, of the directrix of the particular 
cylinder which is the subject of inquiry, then, although the differential 
equation (2) would remain unrestricted, since nothing arbitrar]> is in- 
volved in it, yet its integral (2] would be restricted by this condition, 
viz. that when z = 0, the equations (2) and y =fzan identical, be- 
cause (2) will ihen represent the trace of the cylinder on the plane of 
xy, that is, the direcUix ; hence the condition is that 

<px=fx, 
so that ip remains no longer arbitrary, hut becomes the known form 
/, therefore the particular integral corresponding to the particular 
cylinder in question is 

y—bz=f{x — az), 
y — bz being substituted for y, and x — oz for x, in the given equa- 
tion of the directrix (S<e JnoJ. Geota.) 

If the given directrix were a curve of double curvature, then, put- 
ting 

X — az= a, 
we may, by means of this equation and tiie two given equations of 
the dhectrix, determine the values of x, y, and z, in terms of u, and 
consequentiy 1/ — &z, or its equal 9U, will be determined in terms of u, 
or in other words the form of ip will become known, and in which we 
shall then have merely to put x — 02 for u, to have the equaticm of 
the particular cylindrical surface which is the object of inquiry. 
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Again the primitive of the partial diiTerentiiil equation 



which belongs to every conoidal sur&ce whose straight directrix co- 
incides with the axis of 2, without any regard lo the nature of the 
curvihneu- directrix ; but if ti»s is fixedbytheconditions of thejirob- ' 
lem, then putting u = z, we may, by means of this equation, and 
those of the given directrix, determine the values of z, y, and z, in 
terms of u, consequently tp~' s will be determined in terms of u, or of 
z, so that the form of this function will become known, and thus the 
particular equation sought will be determined. 

Should, however, the problem ia question furnish no conditifms for 
the determination of the arbitrary function, then the geometrical rep- 
reseutatJoa of the integral comprises aa infinity of surfaces, not, how- 
ever altogether arbitrary, but entirely arbitrary as far as depends upoa 
the ariiitmry function. For example, the primitive of the partial dif- 
ferential equation 



2 = fli + ipy . . . . (2), 
on equation which represents an infinite variety of surfaces according 
to the infinite variety of arbitrary forms we give to 91/ ; but yet all these 
sur&ces must possess this common properly, indicated by (1), viz. 
that if each be cut by a plane parallel to that of xz, the inclination of 
the section at any point {x, t) musi be constant, and equal to a, {Diff. 
Cole, p. 164), coDsequently every such section must be a straight 
line ; thus far, therefore, the surfaces comprised in (2) are restricted. 
If, in (2), we suppose i = 0, then we shall have, for the trace of an; 
of the surfaces on the plane of x^, the equation 

which is entirely unrestricted, so that no curve can be even conceived 
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which ttu3 equation shall not comprise ; for even if the curve be de- 
scribed at ruidom, since each point in it will be comprised in this 
equation, their locus will be comprised in it. 

What has been said in the present chapter on the subject of partial 
differential equations, and on the arbitrary constants which their inte- 
grals involve, is intended to convey only a few elementary notions of 
a vei7 extensive and very difficult department of analysis : the full 
development of the theory of partial differential equations is what 
caoDot be expected in an elementary volume like the present: we 
bope, however) to return to this subject at some future opportunit}'. 



TBB BNDOT THE INTBOaAL CALCULUS. 
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Note (A), page 35. 
(Stipplemenl to Chapter II.) 

Wi have fully explained in the text the method of finding, by m- 
determinate coefficients, the numemtora A, B, C, &c. of the serend 
partial fractions into which any rational fraction may be decomposed : 
we pn^ee here to show how the same numerators may be deter- 
mined by tJie application of the Differential Calculus. 

1. Let us first consider those partial fractions which arise trom the 
real roots of the denominator of the proposed. If m of these roots are 
equal, we know (12) that the partial fractions to which the factor (z 
— o)" involving these roots gives rise, ai* 

An K 



(»-«)" (»-")' 



Hence if ^ be put to represent the euro of the remaining partial 



V, " V, ■, 
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Multiplying the secood and tiiird members bj V, we get for Ui the 
expreesioD 

y,sH-_A-B(.-.)-C(.-.)"...-K(«.)"! 
".= '■ ^rr^r "'^J 

Now, since V, is not divi^able by (i — o)", thia expression in- 
forms us that the quantity within the brackets must be divisible by 
(x — a)", so that this quantity must be of Ihe form \ (x — a)", X 
being a rational function of z. i It follows, therefore, that if we differ- 
entiate successively thia same quantity, each of the coefficients', from 
the first to the (m — l)th, must be equal to when a is substituted 
for ^: In virtue of this property we shall be readily enabled to deter- 
mine the numeral coefficients in the ntuneratorof (3). For, in the 
first place, it is plainfrom(2) that bymultiplying the second and third 
members by (x — a)" and then putting z = a we shall obtain the 
value of A, viz. 



the brackets being intended to mtimate that a particular value is given 
to X, viz. X = a; difierentiatingnowthe expression within the brack- 
ets (3), we have, in virtue of the proper^ just established, 

^r, ^r. '^% 

f-d^] = ^' t-d^l = 2C. [-^] = 2 • 3D, &c. ■ 
hence 

u 't, 1 *v: 1 *t; 

A = [y;], B = [-37-], C = 5 [-33-], D = JT3 [-jy], 8=0. 

in this way therefore the partial fractions (1) may be determined. 

2. Let us now proceed to determine the partial fractions corres- 
ponding to imagmary roots. In this case (13), 

V _ Ax + B Cx + D , 

V J(x-«)"-f(3"f+J{^-«)' + /3'i-' 

Ix-f-K , U, U 



iis-af + ^l'-' ^ V, V, ;(.-«)' + ^i-- 
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Multiplying the second and third memben by T, we get for U, the 
expression 



T, \^- (Ax + B) - (C* + D} J (x-«)»+ ^'i - 



V, 



As before, the expresBion within the brackets must be divisible by 
the denominator, and must, therefore, be of the form 

hence the successive diiferential coefficients, from the first to the 
(m — l)th, become each equal to when for x is substituted one of 
the roots of 

(:.-a)" + ^ = 0, 
that is, 

a: = « + ^ V^^ or X = a — /3 V^^ (4) ; 

so that by making these substitutions we have, as in the former case, 




0, &c. 



each of these equatioos divides itself into two, because of the two 
values of X (4), for which they subsist; hence we have as many equa- 
tions as there are coefficients to be determined. It should be ob- 
served that in this second case the method of indeterminate coeffi- 
cients, as explained in the text, is generally of easier application than 
that we have just given, as the trouble of operating with the imaginary 
values (4) is avoided. 

As an example of the foregoing proceaaes let it be required to de- 
compose the fraction 

1 



a* + x' — x* — x^ " 
The denominator of this fi:action is easily seen to be the same as 

{3* — l)3r'{x+ l) = (x— l)(x+ l)»x'(i"+ 1) 
so that we must assume 
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•■ + «' — »' — «' « — 1 ^(i+l)'^ i + l ^^ 
E_ , P , Kr+ L 
i""*" I ■*■ !•+ 1' 
We shall first deterniine (he aumerator A, wliich, since U = 1 and 
T, = («+ I)"(i" + l)i?,is 

* ° t(i + !)■ (i" + 1) .-^ ^8' 
1 hemg aobstituted fer «. 

We shall next find B, C, which, since V, = (i — 1) (*■ + 1) a* 
and U = 1, becomes 

n 

U 1 ** T, 9 

— 1 being substituted for x. 

To detennioe D, E, F, we have U = 1, Ti = (ar— 1) («+ 1)» 
(*• + 1). 



being substituted for x. 

Fioallj, to detennice £, L, we have, since U = 1 and T| = 

(.-i)(. + i)'rt 

ly} = [K«] + h, 

in irfiich ± %/ — 1 being substituted for x gives the two equations 

2K + 2L = 1, K = L, 
&om which we get 

henOB) the proposed &acti<xi is decomposed into 

8(1— l)^4(« + l)" S(i+1) i"^." i^ 

x+ 1 

4 (»■ + !)■ 
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3. If we had to integrate or ■ , , we should have first 

(b resolve the denomioator into its quadratic factors, sod this may be 
done by means of the decomposition of 

a*- — 2i" COS. 6 + 1, 
already exhibited at page 34 of the Differential Calculus. 

The cosine in the last or mth factor in this decomposition is obri 
ously 

a — 2* 



— ) = COB. - 



the coDsine in the factor preceding this is 



a + 2 (m — 2) «■ , a _ 4*, I 

}. ; ;_ = COS. (2« -\ ) = COS. - 



and so on ; so that the formula refeired to may be written thus, by 
changing x into y and m into n, viz. 

a** — 2a^ COS. a + 1 = (** — 2rcos. - + 1) 

X (a* — 2a: cos. B!lJli + j) 



to n terms (1). 

Now it is easy to see here, that the last or nth factor is, when n 

s(* — 2a: cos. = z* + 2a! cos. - + 1, 

go that, in this case, the decomposition is 

»*• — 2a:"coB. S+ 1 = (a*— 2a!C0B. - + 1) 

X {a;»+2icos.-+ 1) 
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X (r* — 2x COS. 

X (l»— 2lC08. 

X (i^~-2x COB. 



- + 1) X &C. 



(2). 



Let us now suppose in each of these fonnulas (I) and (2) that 

6 = 0, then cos. d = 1 &b abo cos. -, and therefore, when n u odd, 
n 

a* — 21- + 1 = (a:* — 2*+!) 

X(^_2:.cos.|:+l)' 

X (i^ — 2icos.^+l)"x&c^tenD8...(S), 

and when n m Men, 
a* — an" + 1 = (jJ — 2a; + 1) 
X (*» + 2a^ + 1) 

X (x" — 2i cos. — + 1)* 



X {aa — 2rco8- hl)°X&c.to 



.+2 



terms.. (4), 



The fonnulas (3) and (4) immediately lead to the decomposition 
of j;" .^ 1 into its quadratic factors ; for, by extracting the square root 
of each aide of (3), we have when n u odd, 
«"-! = (*-!} 



X (x*— 2«cos. - 



.+ 1) 



utd> by extracting the square root of each side of (4), we have, leAa* 
» if even. 
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2* 
X (jff — 2a; COS. — + 1) 

X (i" — 2a; COB. — + 1) X &c. to ^ tenns (6). 

Having thua decomposed af — 1 into ita quadratic factois. we ma^ 

resolve into its partial fractions, as follows : 

Taking the logarithms of each side of {6), and then diSerentiating, . 
we have, when n is odd, 



or— 1 


1 
*— 1 


+ 


2a: — 

T^ — 


2 COS. — 
2a; COS. (- 1 


2« — 2 COS. — 

;t»— 2rcos.— +1 


. + &, 


3. to ^^ tenns 


OTi multipljiiig by x. 










tar 

i"— 1 


x—1 


+ 


23?- 

x'- 


2* 

-2icoa. — 


21^" — 2a;( 


4^ 

SOB. 




-1.K 


....»+!.._ 



Now, if we subtract n from the first side of thia equation, and from 
each term on the second aide 2, we shall subtract from the whole of 

this side — - — times 2 ; that is n + 1 , so that in order that the 

equation may still subsist, we must increase this remainder by I, or, 
which is the same thing, the equation will subsist if we subtract » 
from the first side, and from the first tenu on the second side I only, 
while from every succeeding term ia taken 2 ; we shall thus have 
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n 


_ 1 


1 " 


2 


— 2x COS. 


ir 


:e-' 


I 


— 2* COB. 


v+-' 


2 — 


27 COS. 


4v 




+ sc. lo- 


■+',™ 


'- 


2XC0S. 


4* 


+^ 


2 "™ 


conBequently 










2*' 


1 


1 




-: 




'' » 



1 — X cos, — 

— h &c. to — - — tenosj. 

1 — 2x COS. — + x" 
n 

Heacfl the iutegratioD of 

(far 

I"— 1 

ia, when n m oiiif, reduced to the integratioa of the mv^ral terms of 

the series 

dx 2dx . 1 — ax , 1 — bx . 



«(«—!) n *1— 2<M + i» l—2bx + i*' 

&c. to — - — \ tenna .... (7), 

which integration may be readily effected by the methods explained 
in the text. 

Again, taking the togorilhma of each member of the equatioo (6), 
and differentiating we have 





2x 2c< 






: = =^ + -7- 


1 


a:"— 1 


2* , 



*" — 2»cOi. 1- 1 
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2x — 2 COS. — 

: + &c. to - terms ; 

4* 2 

ar" — 2icos. f- 1 

or, inultiplybg b; s, 

Jia;" _ ^^ j_ w 

a-— 1 ~ «"— 1 



i3 — 2x COS. 1-1 

aar" — 2xcos. — 



- + &c. to - terms. 



Subtract n from the first member of this equatioD, and as there are ~ 

terms in the second member, subtract 2 from each term ia this mem- 
ber, the result is 

2 — 2* COS. — 
» _ 2 w 

3!"— 1 ~ I^— 1 ~ , „ 2* , , 

I — 2x COS. \- ^ 



l_2i 


COS. 


4i- 
n 


+ *» 




' 2 
















2* 


1 


2 




1 


- 


X COS. 
2a: COS. 


IB-— 1 » 


(»-- 


-1) 


?+«■ 


1 X COS. 


44r 




+ &c. 


to 


^^^,. 


1 — 2* COS. 


^+- 


Hence the int^ratioD of 


















Ac 














*■— 1 
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is uhen n it even reduced to the integratioD of the Beveral tenus of 
the series 

2dx 2dx , 1 — (II , 1 — bx . 

ft(i«_l) W' ' 1 ~- 2(tr + *" 1 — 2b« + ** 

■ (8). 

We shall now give an example of each of the formulas (?) and (8) : 
1. To determine the integral of 



by die formula (7) we have 

Lr 2 /. (1 



/dx _l/.dr 2/»(l — ax) dx 

x' — l~sJ x—1 ~zJ I — 2 



the first integral in the second member is 

i\og.{x-\), 

and, I^ putting the denominator of the remaining integral under the 
fonD 

(*_a)'— a»+ I. 
and then substituting z for « — o, we have ' 
dz 



';iog.(«»-a'+l)i 



- ^l—d'"^ Vl-a» 2 

hence, subiatituting for a and x their values 



we have, for the required integral. 



Jar*— 1 
C + i log. (* — I) + i COS. ^ log. (1 _2x c«i. ^ + !») - 
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If tfab integral ought to vamsh when x = 0, then the correctioD ia 



and consequently the last term in the above expression, when cor- 
rected, becomes, in consequence of the property 

tan. (A + B) = -; j— — ^, 

'1 — tan. A tan. B 



J Bin. -:- tan."" 



1— ar 
2. If the integral of 



ia required, then, by the application of the formula (8), we find 
J «•— 1^ 



the integral being corrected aa in the preceding example. Of, sines 
COS. r- = 0, and sin. - = 1. 
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HOTSS. 

1 + * 1^ 



/. d* 1, 1 + * 



Let it now be requii«d lo decompose af + l. For this purpose, 
put d = «, in the fonuula (1), mtd it becomes 

a^+ai" + 1 = («* — 2^co8. — + 1)' 

X (x* — 2x COS. — + 1)* 

X (r* — 2x COS. — + 1)* X &c. to - terms. 
Hence, by extracting the square root, we have, uhtn n u even, 
tr+l = (x' — 2x COS. — + 1) 

X (i' — 2j! <ios. — + I) 

X {x' — 2xcos.— + 1) 

and in tike manner by putting i = *,in the formula (2), and extract- 
ing the square root, we have, iohen n it odd, 
;^+ ! = (*+ 1) 

X (»» — 2*C08. — + 1) 



hence, proceeding exactly as with i" — 1, in the respective cases of 
n even and n odd, we find, whtn n it even, 

J 1 — *coa. - 1 — * COS. — 

dx _ Sax , n , . » , 



1 — 2a; COB. - + i* 1 — 2a;coB. — +*" 
n n 

+ &c. to - terms 

= ?^ t ^ — ^ , 1 — bx 

» ; 1 — 2ac + ar" "•" 1 — 26« + «« "'' 
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&C.10- 


termsj . . . 


■ (9) 




whenn 


isodd, 










dx 

1 «(1 + . 


;y-^+^ 


1 — xcos. - 
n 

I — X COS. - + sr" 


1 


3r 

— X COS. 

n 




«— 1 
2 


terms J 


I. 


3v 
— 2arcog.— 


+** 






, 2(ir , I 


— ax 








. 2<«: + a^ ■ 




1 — 61 


I - n — 


-1 . 





l—2bx + i* 
If we apply this formula to the example 



we find for the iutegial 

J :^+ 1^ 
glog. (1 + X)— -COS. |log. {1— 2a: COS. !+»') + 



the same correction being introduced as in the former examples. 
Or, since cos. 60° — J and sin. 60° = 4^3 

• •••'^+ l~3"'e-s/l-Z^^+P + -73-tan.-'-^— ^. 

For the decomposition and integration of other forms, the student 
may consult Jepkson's Fiuxumal Cakulta, vol. 2, and Stjupson't 
FhaioM, vol 2. 
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NoTK (B), fagt 71. 
DeBtlopmtnt of ain." x and cos." x. 
Put 

COS. X + sin. X •/ — 1 = « I /t\ 

COS. « — sin. X ^ — 1 = vi 
then (Diff. Cak. p. 32.) 

COS. mx + sin. ma: V — 1 = u" t -g, 

COS. WW — sin. mx V — I = ti" ) * " 
and consequently 

u- + t,- = 2 COS. mx, tf" e" = 1 . . . . (3). 
Kow by adding together the equations (1), we get 

COS. X = !(« + ,>), 
and therefore 

<=«•" » = ^ C" + *)" = ^ C« + «)" ; 

hencet by the binomial theorem, 

COS.- X = i Jtf" + mu— B + "* ^" ~ '^ «"-' r" + fecj, 
or 

COB.- a; = ™ J" + •»» w + - -g-- -■ f » « + &C.E, 
aijiting together these equations, we hare 

COS-"* = -2=H {«" + «" + tnw («r~» + t^») + 
m(^-I)^^^^^^ -I- t^.) + &c.t 
But from (3) 
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tf" + e" = 2 COS. ma; 1 ito = 1 

rf»-' + t-"^ = 2 COS. (m — 2) J w* t>' = 1 

«"-* + o'-^ = 2 COS. (m~i)x \ «'«'=! 

&c. &c. I &c. &c. 

hence the developtneut of cos. ""x becomes 

COS."! = -— Jcoa. mx + m COB. {m — 2}* + 

ffl(M^— 1) ^^^^ (M — 4) j + &c.i . . . .(A), 

and by putting m equal to 2, 3, 4, &c. and recollecting that coa. — ip 
= COS. — ip, we shall obtain the values of cos." x, cos.^ x, cos.^ &c, 
in the texL 

Let us now seek the development of sin."j^ ; for this purpose we 
must take the difference, instead of the sum, of the equations (1) ; 
we thus have 

2.iii.xv/^ri=„_,..,,i„.^ = -j-^=, 

and con^equeDlly 

(» — ')' 



1. Let m be even, then (^Jg-efrra,) 

(.-.)-+(,_„)■; 
heace, developing the two equations 

1 1 

and adding the results, we get 
2 «i°-"' ^ = "^^T^T^ K + ''" - m«. («— + „-^ ) + 

and making the same substitutions as before, in virtue of (3), wo 
have, since m is even, and therefore V — 1)" = ± 1, 
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B."« = ± — ;- {cos, mx — m coa. (m — 2) 



(B). 



2. Let m be odd, then 

(t, _ t)~ = (_ 1)- [V _„)" = — {„- a)-, 
therefore 



■""■ ■* (2^ — l)"'^"- ' (2v/ — 1)-' 

and developing (« — p)", and (» — «)", as beforei we get 

But from equations (2) 

tT — o" = 2 sin. mx -^ — . I, tf" «" = 1, 
and in virtue oftbese equations the foregoing development becomes, 
since, ( V — 1)"^' = ± li 

BiD.''x = ± -55- Jain, Mkc — m sin. (w — 2) x + 

"<"-'' m..(»-4).-8.c.i (C). 

It must be observed, that in the development (B), the lower sign is 
to be employed, when m is either of the numbers 2, 6, 10, &c. and 
die upper sign, when m is either c^ the numbers 4, 8, 12, &c. Also 
in the development (C), the lower sign is to be ueedi when m — 1 is 
one of the numbers in the first series, and the upper sign, when it is 
one of the numbers in the second aeries. 
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Note {C),page 136. 

In order to show that eveiy enveloping suiface must be greater 
Iban the surface enveloped, it must be first establiahed that every 
aur&ce, curved or polygonal, which is subtended by a plane exceedis 
that plane. This will be obvious, from considering that if through 
any point on the curve, or polygonal surface, a plane be drawn, in- 
tersecting both the sur&ce and the subtending plane, the curve aec- 
tioD will always exceed the rectilinear section, whatever be the di- 
rectioa of the intersecting plane; and that, therefore, the locus of the 
curve sections, that is, the curve surface, must exceed the locus of the 
rectilinear sections, or the subtending plane. This being admitted, 
let us conceive any two surfaces, one enveloping the other ; then, as 
there is necessarily soma space between them, we may cut offby a 
plane a portion of the enveloping surface wilhoul touching the surface 
enveloped; if then this plane supply the place of the portion cut off, 
the enveloping surface thus modiiiedwill be less than before, and the 
space between it and the enveloped surface will be diminished. Again, 
let the intermediate space be still further diminished, by cutting off 
another portion of the enveloping surface, and let this process be con- 
tinued ; then it is obrioua. ihnt since at every operation we not oidy 
diminish the enveloping surface, but also the space between the two, 
we in fact approach nearer and nearer to coincidence to the enveloped 
surface, a^ the enveloping surface diminishes ; consequentiy this lat- 
ter must have been originally greater than the former. 



Note (D), page 223, 

We have remarked in the text that there does not exist any singu- 
lar solution when the arbitrary constant e enters into the complete 
primitive only in the first power. This, however, is contrary to the 
doctrine of most analytical writers, who, in cases of this kind, reason 
as follows 1 

" When c rises only to the first degree in the primitive, this is of 
. the form 
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390 MOTBB. 

. « = Ac + P = .... (1), 
where A and P are fimctiona oFx, y, which do Dot contain e. Firstt 
Buppoae A not to be a factor of P ; then, since c = j-, from -^ 

= A = 0, there resuJta e = co ; which givea a particular eolution, 
viz. that case of the primitive m which the arbitraij constant Is sup- 
posed to be infinite. 

" Next, let A be a factor of P ; then, since the prososed difieren- 
tial equation is 

P (dA) — A (dp) = 0," 
A = must necessarily be a solution, and to determine whether it is 
a singular solution, eliminate either x or y from A = and the pri- 
mitive ; and it is a singular solution or not, according as the resulting 
value of c is variable or constant." 

It would appear, then, from this reasoning, that A ^= might be a 
singular solution, provided the complete integral (1) were divisable 
by A ; but in such a case the solution A ^ would always be ne- 
cessarily comprised in evety parlicular solution (I) : this solution 
cannot, therefore, with propriety be considered a singular solution, 
for it is the character erf* a singular solution not to be comprised in any 
particular solution- 

* For the immediate difierential of 

Ac-l-P = . . . . (1) 



edA. + dP = 0.:cs= 



.-. P(<lA) — A(dP) = 0. 
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NOTES BY THE EDITOR. 

Note A' page 66. 
We are aware that ^ (- + a;) is the complemeot of ^ (- + *) be- 
cause their aum is - or 90° ; whence because fan. a x cot. a=^l 
we have 

taD.iC|+a.)tan.^{|~x) = l, 
and 

* ■ 1 

■* tan. 1 (- — 3>) 

muldplying both sides of this by tan. i (- + a^) we have 

tao. i (^ + ^) 

tan.'ii5 +.n= ^ (!)• 

tan- i Cg — -^i 
Now Lacroix's Trigonometry, art. 27, 

sip, a + sin. JT _ tan, j (a + x) 
ain.o — sin..r tan.^Ca — :r) 






tan. i Q, +-X) 



■(a) 



consequently (I) becomes, by virtue of this last, 

= tan-H (^ + X) . . . . (3) 

^)^=log.tan.i(| + :r).... 
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BO that the denotninator tan. ^ (- — x) ehould be omitted. The dft- 
nominator may be retained however, for by taking the sqiuure root of 
both sid«a of (1) we have 

tan. i {| + *) i 
tim.H- + x) = ( ) 

tan-iC- — *) 

BO that the exponent i ehonld be placed over Ae last number of the 
equation at the bottom of page 66. 



NoT£ B'pog« 115. , 

When the origin of the coordinates is at P", x and y being Ute co- 
ordinates of any point F' of the cycloid, we have 



in which, if we write ~ 



• =f^2F^-g = — 2V2' (ar- y) + C. 
Now when P" and V coiUcHe y = 2r, therefore C = whmce, 
, = —2-y2r{2r — y), . _; , i 

and aince the radical espresses the chord F'F'ofan^uv of the genera- 
ting circle, it follows that double this chord expresses the arc P'P' of 
the cycloid ; we have then the arc P" P' — twice the chord FP"; 
waA therefore half the cycloidal arc P " P' = 2 P'Q : consequently 
ike inkole cyeloicUU arc it- eqwii to four lime* the diamtUr oflhe geae- 
rating circle. 

Ifthe origin of the coordinates are at P' designating P'E by y' and 
Ihe arc P'P" by »', we shall have 

y- = 2r — y, 9' = 2 y 2r (2r — j) = 2^"2iY ' 
whence «" = Sry*, 

on tquation oflhe cycloid Jrequtnth/ u»«d in JUeehanict. ' 
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